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Abstract
We find a simple relation between two-dimensional BPS N = 2 superconformal
blocks and bosonic Virasoro conformal blocks, which allows us to analyze the crossing
equations for BPS 4-point functions in unitary (2, 2) superconformal theories numer-
ically with semidefinite programming. We constrain gaps in the non-BPS spectrum
through the operator product expansion of BPS operators, in ways that depend on
the moduli of exactly marginal deformations through chiral ring coefficients. In some
cases, our bounds on the spectral gaps are observed to be saturated by free theories,
by N = 2 Liouville theory, and by certain Landau-Ginzburg models.
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1 Introduction
The conformal bootstrap is based on the idea that a conformal field theory may be determined
entirely by conformal symmetry, associativity of operator product expansion, unitarity, and
certain basic assumptions on the spectrum of operators and on the structure of OPE. The
method has been surprisingly successful in solving a variety of CFTs in various spacetime
dimensions [1–20]. In this paper, we explore N = (2, 2) superconformal theories (SCFT) in
two dimensions using the bootstrap method, extending the results of [20].
(2, 2) SCFTs play a central role in the study of two-dimensional CFTs and string com-
pactifications [21–23]. Typical constructions of such theories are based on supersymmet-
ric nonlinear sigma models on Calabi-Yau manifolds [21, 24, 25], Landau-Ginzburg mod-
els [26–32], and orbifolds [33, 34]. They often admit exactly marginal deformations [35–37],
and the generic points on their moduli spaces are expected to give irrational theories [38].
While the BPS operator spectra and their OPEs in (2, 2) SCFTs have been extensively stud-
ied [24,27–29,32,39,40], much less is known about the non-BPS spectrum, known to exhibit
highly nontrivial moduli dependence [41, 42] and control the massive spectrum in models
of string compactifications. With the available analytic methods, the non-BPS spectrum is
accessible only at special solvable points in the moduli space [22, 23, 33, 43], and through
conformal perturbation theory [37] at the vicinity of these points or in the large volume
(weak coupling) limit [44].
The goal of this paper is to constrain the non-BPS spectrum across the entire moduli
space of (2, 2) SCFTs. There are two known (computable) ways to encode the moduli
dependence in the CFT data: through the chiral ring relations [32, 40], and through the
spectrum of boundary states (D-branes) [45]. Here we consider the former, since the chiral
ring relations can be straightforwardly incorporated into the conformal bootstrap based on
sphere 4-point functions. Imposing the crossing equation, while assuming unitarity (reality of
OPE coefficients), we will be able to constrain the scaling dimensions of non-BPS operators
that appear in the OPE of BPS operators through the chiral ring data.
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To begin with, let us recall that the BPS representations of the N = 2 superconformal
algebra (SCA) are known as chiral or anti-chiral primaries that saturate the BPS bound
h = |q|/2, where h is the conformal weight and q the U(1)R charge. The 12 -BPS operators
of the SCFT involve BPS representations of both the left and the right N = 2 SCAs,
and depending on whether these representations are chiral or anti-chiral, are referred to
as (c, c) and (c, a), as well as their Hermitian conjugate, (a, a) and (a, c), operators. The
BPS operators of the same type have non-singular OPEs, and form a ring with respect to
products at coincident points, known as the (c, c) ring or the (c, a) ring [27]. The set of
(c, c) and (c, a) operators are exchanged under mirror symmetry, which amounts to flipping
the right U(1)R charge [46, 47]. Of particular interest are c = 9 (2, 2) SCFTs with spectral
flow symmetry, that are described by supersymmetric nonlinear sigma models on Calabi-Yau
threefolds, where the (c, c) ring and (c, a) ring capture the geometry of the quantum Ka¨hler
and complex structure moduli spaces, respectively [27].
In this paper, we focus on BPS operators of the (c, c) type and their Hermitian conjugate
(a, a) operators, and investigate the non-BPS spectra in their OPEs. Of course the exactly
same analysis may be applied to (c, a) and (a, c) operators, but we do not consider OPE of
(c, c) with (c, a) operators here. The reason is that it is more difficult to incorporate the
chiral ring data in analyzing 4-point functions of a mixture of (c, c) and (c, a) operators.
Thus, without further specification, we will refer to (c, c) operators as “chiral primaries”
and (a, a) operators as “anti-chiral primaries”. We will also restrict our attention to BPS
operators of equal left and right U(1) R-charge, although the generalization to cases with
unequal left and right R-charges would be straightforward.
Let φ be a (c, c) primary with R-charge q = q¯ > 0. Its Hermitian conjugate φ is an
(a, a) primary. The OPE φφ contains the identity representation as well as R-charge neutral
non-BPS representations of the N = 2 superconformal algebra. We will refer to the φφ
OPE as the chiral-antichiral (CA) channel, and denote by ∆CAgap the scaling dimension of the
lowest non-BPS superconformal primaries appearing in this OPE.
On the other hand, in the φφ OPE, the lightest operator is a (c, c) primary φ2q of twice
the R-charge of φ. We denote by λ the coefficient of φ2q in the OPE φφ, where φ and φ2q
are respectively normalized with unit two-point functions. λ will be referred to as the chiral
ring coefficient. We will refer to the φφ OPE as the chiral-chiral (CC) channel, and define
∆CCgap to be the gap in the scaling dimensions between φ2q and the lightest operator in the φφ
OPE that does not belong to a (c, c) multiplet. The operators appearing in the CC channel
may be 1
2
-BPS, 1
4
-BPS (that is, BPS on the left, non-BPS on the right, or vice versa), or
non-BPS (that is, non-BPS on both left and right). Furthermore, non-BPS representations
that carry nonzero R-charges in a suitable range may be degenerate [39, 48, 49].1 Note that
1The role of such short (degenerate) but non-BPS representations will be clarified in the next section.
3
in the CC channel, the lightest state in a non-BPS representation that appears on the left
or right of either a 1
4
-BPS operator or a non-BPS operator, is always a superconformal
descendant, rather than a primary (see Subsection 2.2 for the selection rules in the OPE of
BPS operators).
The BPS four-point function
〈
φ(z, z¯)φ(0)φ(1)φ(∞)〉 can be decomposed in terms of N =
2 superconformal blocks, in three different ways related by crossing symmetry. Two of the
three channels are〈
φ(z, z¯)φ(0)φ(1)φ(∞)〉 = |λ|2FCC(c,c)(z, z¯) +∑
∆,s
(CCC∆,s)
2FCC∆,s(z, z¯)
= FCAvac (1− z, 1− z¯) +
∑
∆≥∆CAgap,s
(CCA∆,s)
2FCA∆,s(1− z, 1− z¯) ,
(1.1)
while the third one comes from the OPE channel φ¯(z, z¯)φ(∞). The functions FCC and FCA
are the appropriate N = 2 superconformal blocks, to be described in detail in Section 3.
The subscripts vac, (c, c), and (∆, s) indicate respectively the vacuum, (c, c), and a generic
representation (1
4
-BPS or non-BPS) labelling a superconformal primary of dimension ∆ and
spin s. λ is the chiral ring coefficient as already mentioned, while CCC∆,s and C
CA
∆,s are the OPE
coefficients for the other representations in the CC and CA channels. In a unitary theory,
the latter OPE coefficients can be taken to be real (by a choice of phase of the operators in
question), hence so are their squares appearing in (1.1). By exploiting the non-negativity
of the coefficients (CCC∆,s)
2 and (CCA∆,s)
2, we can constrain the allowed set of values for (∆, s)
in the CC and CA channels, in a way that depends on the value of λ, which in turn varies
over the moduli space of exactly marginal deformations of the SCFT. The simplest example
of such a constraint is an upper bound on the gap in the spectrum, e.g. an upper bound on
∆CAgap as a function of λ and ∆
CC
gap.
Constraints on the spectrum of this sort can be found numerically through semidefinite
programming [50], provided that we can compute the N = 2 superconformal blocks to high
precision. While the bosonic Virasoro conformal blocks can be efficiently computed using
Zamolodchikov’s recurrence relation [51], the analogous formula for the general N = 2 blocks
are not yet available.2 Fortunately, there exists a simple relation between BPS N = 2 blocks
(BPS external operators and non-BPS internal operators)3 of central charge c = 3(k+2)
k
, and
bosonic Virasoro blocks of central charge c = 13 + 6k+ 6
k
with appropriately shifted weights
on the external as well as internal primaries. We will derive this relation by consideration of
2On the other hand, the analogous recurrence relation for N = 1 superconformal blocks has been worked
out in [52–54].
3The N = 2 blocks with vacuum or BPS internal operators can be obtained as limits of the blocks for
the non-BPS channels. This is in contrast with modular bootstrap, where the analogous statement does not
hold for Virasoro characters.
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BPS 4-point functions in the N = 2 cigar SCFT [41, 55–58], and confirm the result at low
levels with computer algebra.
Our numerical investigation of the OPE spectrum will focus on two cases. The first case
involves a marginal BPS operator φ (which is necessarily exactly marginal [35, 36]), namely
one with conformal weight h = 1
2
and R-charge q = 1 on both left and right. Without
making any assumption on the chiral ring coefficients or the CC channel operator content,
apart from unitarity constraints on the representations of N = 2 SCA,4 we can already
bound the gap among the R-charge neutral non-BPS operators in the CA channel. We
will determine numerically an upper bound on ∆CAgap as a function of central charge c, for
3 ≤ c ≤ 9. Interestingly, for several values of c that lie between 3 and 18
5
, the bound is
saturated by OPEs in products of certain N = 2 minimal models (that happen to admit a
marginal deformation, and are conveniently described by Landau-Ginzburg models), and we
conjecture that the bound on ∆CAgap is linear in c in this range.
The second case of our investigation concerns the OPE of BPS operators with R-charge5
q = c/9, for central charges c = 3, 6, 9. We will bound ∆CAgap as a function of the chiral ring
coefficient λ and ∆CCgap. In the c = 3 case, rather strikingly, our bound is saturated by the
OPE of twist fields in the T 2/Z3 orbifold SCFT along certain loci on its conformal manifold,
for all possible values of λ and ∆CCgap.
Perhaps of most interest is the case c = 9 and q = 1, which may be applied to the
OPE of marginal BPS operators in a Calabi-Yau threefold sigma model, yielding nontrivial
moduli dependent constraints on the mass spectrum of string compactification in the quan-
tum regime that have been uncomputable with known analytic methods. We compare our
bounds on the gaps with the OPE of Ka¨hler moduli (which belong to the (c, c) ring) oper-
ators in the quintic threefold model, and the OPE of twist fields in the Z-manifold T 6/Z3.
It is observed that, in a rather nontrivial manner, the large volume limits converge to the
kinks on the boundary of the allowed domain in the space of OPE gaps ∆CAgap, ∆
CC
gap, and the
chiral ring coefficient λ. The gap below the continuum of states that arise in the conifold
limit, which admits a description in terms of the N = (2, 2) Liouville theory (or its T-dual
cigar SCFT) [41, 59], appears to saturate our bound in the asymptotic region of large λ.
Various Gepner models and free orbifolds are seen to satisfy the bounds but do not lead to
saturation. Much of the allowed domain of our superconformal bootstrap analysis remains
unexplored, and we will comment on the future perspectives at the end of the paper.
4Such constraints are particularly nontrivial when non-BPS degenerate representations are present.
5Note that for this value of external R-charge, the internal chiral primary in the CC channel may be
related by (diagonal) spectral flow to an anti-chiral primary with the opposite R-charge as the external
primary. In the analysis of the crossing equation, however, we do not make use of nor assume spectral flow
symmetry.
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2 The N = 2 Superconformal Algebra and Its Repre-
sentations
The two-dimensional N = 2 superconformal algebra (SCA) is generated by the stress-energy
tensor T (z), the superconformal currents G±(z), and the U(1)R current J(z). Their Fourier
modes in radial quantization obey the commutation relations
[Lm, Ln] =(m− n)Lm+n + c
12
(m3 −m)δm,−n ,
[Lm, G
±
r ] =
(m
2
− r
)
G±m+r ,
[Lm, Jn] =− nJm+n ,
{G+r , G−s } =2Lr+s + (r − s)Jr+s +
c
3
(
r2 − 1
4
)
δr,−s ,
{G+r , G+s } ={G−r , G−s } = 0 ,
[Jn, G
±
r ] =±G±r+n ,
[Jm, Jn] =
c
3
mδm,−n ,
(2.1)
where r, s are integers in the R sector and half-integers in the NS sector.
2.1 Unitary Representations
From now on we will focus on the NS sector. An irreducible highest weight representation
of the N = 2 superconformal algebra is labeled by the weight h and the R-charge q of
its primary operator. A representation is unitary provided that one of the following two
conditions is satisfied [39,48,49]:
gr(h, q) ≥ 0 , ∀ r ∈ Z+ 1
2
, (2.2)
or
gr(h, q) = 0 , gr+sgn(r)(h, q) < 0 and f1,1(h, q) ≥ 0 , for some r ∈ Z+ 1
2
. (2.3)
Here the functions gr(h, q) and fm,n(h, q) are defined as
gr(h, q) ≡ 2h− 2rq +
( c
3
− 1
)(
r2 − 1
4
)
, r ∈ Z+ 1
2
,
fm,n(h, q) ≡ 2
( c
3
− 1
)
h− q2 − 1
4
( c
3
− 1
)2
+
1
4
[( c
3
− 1
)
m+ 2n
]2
, m, n ∈ Z≥0 .
(2.4)
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A unitary representation is called non-degenerate if
gr(h, q) > 0 , ∀ r ∈ Z+ 1
2
, (2.5)
and degenerate otherwise.
In particular, a degenerate primary is called chiral if g1/2(h, q) = 0, i.e. if h = q/2.
Similarly, a degenerate primary is called antichiral if g−1/2(h, q) = 0, i.e. if h = −q/2.
The chiral and antichiral primaries are superconformal primaries that are annihilated by
G+−1/2 and G
−
−1/2 respectively. Either a chiral or an antichiral primary generates a BPS
representation. A non-BPS representation, on the other hand, refers to one that is generated
either by a non-degenerate primary, or by a non-BPS degenerate primary that satisfies gr = 0
for some r 6= ±1/2. We think of the latter as non-BPS because they are not annihilated by
the global supercharges.
Note that (2.5) is generally a stronger condition than h > |q|/2. In other words, there
is generally a gap between the chiral primary and non-BPS primaries of the same R-charge.
We will come back to this when we discuss the gap in the chiral-chiral channel in Section
2.4.
Based on our definition of BPS and non-BPS representations, independently in the left
and right sector, there are four different types of superconformal primaries. A 1
2
-BPS primary
involves BPS representations on both left and right. A 1
4
-BPS primary involves a BPS
representation on the left, and a non-BPS representation on the right, or vice versa. A
non-BPS primary involves non-BPS representations on both left and right.
2.2 N = 2 Selection Rules
We now describe the selection rules for the OPE of a pair of BPS primaries φq1 and φq2 of
R-charges q1 and q2, which can be derived from superconformal Ward identities on three
point functions along the lines of [20, 60]. These selection rules will apply independently to
the left and right moving sectors. Here we shall denote by φq a BPS primary of R-charge q,
and by Oq a non-BPS one. Without loss of generality, it suffices to consider three distinct
cases:
(a) q1 > 0, q2 > 0, and q1 + q2 > 1. In this case, the only multiplets that can appear in
the OPE are those that contain either a chiral primary φq1+q2 (of R-charge q1 + q2) or a
non-BPS primary Oq1+q2−1 (of R-charge q1 +q2−1). The operators that actually appear
in the OPE would be the chiral primary φq1+q2 itself or the level-
1
2
descendant of the
non-BPS primary, G+−1/2Oq1+q2−1, along with higher level superconformal descendants
of the same R-charge.
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(b) q1 > 0, q2 > 0, with q1 + q2 < 1. In this case, in addition to the multiplets that appear
in (a), another BPS multiplet that contains an anti-chiral primary φq1+q2−1 may also
appear in the OPE. The actual operators in the OPE that belong to this multiplet are
the level-1
2
descendant G+−1/2φq1+q2−1 and higher level superconformal descendants with
the same R-charge.
(c) q1 > 0, q2 < 0. In this case, the only multiplets that can appear in the OPE are those
of an (anti)chiral primary φq1+q2 and of a non-BPS primary Oq1+q2 .
The rules in cases where q1 < 0, q2 < 0 are similar to those of (a) and (b). These selection
rules are summarized in the following table.
q1 q2 q1 + q2 Multiplets Lowest weight operators in OPE
> 0 > 0 > 1 φq1+q2 , Oq1+q2−1 φq1+q2 , G
+
−1/2Oq1+q2−1
> 0 > 0 < 1 φq1+q2 , φq1+q2−1, Oq1+q2−1 φq1+q2 , G
+
−1/2φq1+q2−1, G
+
−1/2Oq1+q2−1
> 0 < 0 φq1+q2 , Oq1+q2 φq1+q2 , Oq1+q2
2.3 Spectral Flow
The spectral flow [27] transforms the generators of the N = 2 SCA according to
Jn → Jn + η c
3
δn,0, Ln → Ln + ηJn + η2 c
6
δn,0, G
±
r → G±r∓η, (2.6)
where r ∈ Z/2. In particular, the spectral flow with half integer r relates NS and R sector
states. A chiral primary φq with U(1)R charge q ≥ 0 is annihilated by G±r≥ 1
2
and G+− 1
2
. The
η = −1 spectral flow takes φq to an anti-chiral primary of R-charge q − c3 , which must be
non-positive. This is guaranteed by the aforementioned unitarity bound f1,1 ≥ 0 in (2.3)
which implies |q| ≤ c
3
.
While the spectral flow by an integer η is an automorphism of the N = 2 SCA, it
need not be a symmetry of the SCFT. Calabi-Yau models admit independently left and
right spectral flow symmetries by integer η; in particular, the η = 1 spectral flow maps the
identity operator to a chiral primary of R-charge q = c/3 (associated with the holomorphic
top form on the Calabi-Yau target space). Such spectral flow symmetries enlarge the N = 2
superconformal algebra, and put strong additional restrictions on the unitary representations
[61,62] (in particular, on the possible R-charges of the superconformal primaries); they played
an important role in the modular bootstrap analysis of [63,64].
In our analysis of the OPE through the crossing equation, however, the spectral flow
symmetry does not play a significant role, due to the already existing selection rule on the
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R-charge of the internal primaries. Unless otherwise stated for specific models, we will not
assume the spectral flow symmetry in this paper.
2.4 The Minimal Gap in the Chiral-Chiral Channel
In the OPE of a pair of identical chiral primaries φq, there is generally a nonzero gap ∆
CC
gap
between the scaling dimensions of the chiral primary φ2q and of the lightest operator (neces-
sarily a level 1
2
descendant, rather than a primary) that belongs to a different representation.6
In this subsection, we will describe a lower bound on ∆CCgap that follows from unitary rep-
resentations of the N = 2 SCA, which depends on the central charge c and the external
R-charge q. Later when analyzing the crossing equation, this lower bound on ∆CCgap will be
assumed.
A nontrivial lower bound on ∆CCgap exists when the unitarity bound (2.5) for the non-
degenerate multiplets,
gr(h, 2q − 1) = 2h− 2r(2q − 1) +
( c
3
− 1
)(
r2 − 1
4
)
> 0 , ∀ r ∈ Z+ 1
2
, (2.7)
is stronger than h > q − 1
2
(assuming q > 0). For central charges c > 3, this occurs when
0 < q <
1
2
, or q >
c
6
. (2.8)
Note that for c = 3, the non-degeneration condition (2.7) can never be satisfied unless the
R-charge of the external operator is q = 1/2. That is, there is no non-degenerate primary
with nonzero R-charge in c = 3 theories.
We will be interested in SCFTs that admit marginal BPS primaries (q = 1) with central
charge c ≥ 3. Firstly, note that when c < 6, the internal chiral primary of charge 2q = 2
would be forbidden by the unitarity bound. We nonetheless define ∆CCgap to be the gap above
this internal non-unitary R-charge 2 chiral primary (which is absent from the OPE).
When 3 ≤ c < 6, there are discrete non-BPS degenerate primaries satisfying gr = 0 with
r = 3
2
, 5
2
, · · · , r0 in the gap between the allowed range of non-degenerate non-BPS operators
and the internal chiral primary. Here r0 = d 1c/3−1e − 12 . In particular, when c = 3, there
are no non-degenerate primaries with q = 1; only degenerate primaries are present in the
CC channel. The lowest weight operator in the CC channel is the level-1
2
descendant of the
gr=3/2 = 0 non-BPS degenerate primary. When c ≥ 6, there is no lower bound on ∆CCgap from
N = 2 representation theory. See Figure 1.
6This definition allows for a smooth limit of the CC channel superconformal block when the gap is taken
to zero.
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r = 1
2
(chiral)
r = 3
2
r = 5
2
r = 7
2
...
· · · · · ·
c = 3
r = 1
2
(chiral)
r = 3
2
r = 5
2
4 ≤ c < 4.5
r = 1
2
(chiral)
r = 3
2
4.5 ≤ c < 6
r = 1
2
(chiral)
6 ≤ c
Figure 1: Possible unitary multiplets allowed by the N = 2 superconformal symmetry in
the φ1φ1 OPE between two chiral primaries of R-charge q = 1. The solid/dashed lines are
the degenerate multiplets satisfying gr = 0. In particular, the r =
1
2
degenerate primary
is the chiral primary of R-charge 2q = 2, while all the non-BPS primaries carry R-charge
2q − 1 = 1. The internal chiral primary is shown in dashed lines for 3 ≤ c < 6 because it
violates the unitarity bound |2q| ≤ c/3 and is not present in unitary CFTs. The gray shaded
region corresponds to the continuum of non-degenerate multiplets. Note there is necessarily
a gap in the weight above the chiral primary if 3 ≤ c < 6.
The presence of a level 1
2
descendant of the gr= 3
2
= 0 non-BPS degenerate primary Or= 3
2
in the OPE requires the three-point function
〈φ1(z1)φ1(z2)G−− 1
2
·Or=− 3
2
(z3)〉 (2.9)
to be consistent with the existence of null states in the relevant non-BPS degenerate rep-
resentation. The first null operator χ(z) in the gr=− 3
2
= 0 non-BPS degenerate multiplet7
occurs at level 3
2
,
χ ≡
(
c− 6
3
G−−3/2 + J−1G
−
−1/2 + L−1G
−
−1/2
)
·Or=− 3
2
. (2.10)
Demanding
〈φ1(z1)φ1(z2)χ(z3)〉 = 0 , (2.11)
7We switch to the Hermitian conjugate of the gr= 32 = 0 non-BPS degenerate primary Or=
3
2
for the
consideration of the three-point function.
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we arrive at a differential equation on 〈φ1(z1)φ1(z2)G−− 1
2
·Or=− 3
2
(z3)〉 which itself is a three-
point function of Virasoro primaries.8 It turns out that this equation is trivially satisfied
for all c, hence the appearance of the gr=3/2 non-BPS degenerate primary in the OPE is
consistent with the selection rule.
Therefore, for 3 ≤ c < 6 and q = 1, the gap in the CC channel is at least that of the
gr=3/2 non-BPS degenerate primary, whose weight is h =
5
2
− c
3
and R-charge 1. The actual
operator that appears in the OPE is the level 1
2
descendant with R-charge 2. It follows that
the gap in the holomorphic weight is hCCgap = 2− c3 if 3 ≤ c < 6, and hCCgap = 0 if 6 ≤ c.
Finally, we need to combine the holomorphic and antiholomorphic weights to determine
the gap in the scaling dimension. Let us examine the possibility of a primary that is gr= 3
2
= 0
non-BPS degenerate primary on the left, and chiral primary on the right in the range of
3 ≤ c ≤ 6. The actual operator that appears in the OPE is a level (1
2
, 0) descendant of this
primary, with weight h = 3 − c
3
, h¯ = 1 and R-charge q = q¯ = 2. In the OPE between two
identical scalars φ1(z, z¯), only even spin Virasoro primaries are allowed. Hence the above
level (1
2
, 0) descendant can appear only when 2− c
3
∈ 2Z, which does not occur for 3 ≤ c < 6.
Hence we may take the lower bound on the CC dimension gap to be simply ∆CCgap = 2h
CC
gap.
Another special case that will be of interest is c = 3 and q = 1/3. The lowest dimensional
BPS primary is an (a, a) primary with gr=− 1
2
= 0 on the left and on the right, giving a gap
∆CCgap = 2/3 in this case. Furthermore, as we saw in Section 2.2, this internal (a, a) primary
is not ruled out by the N = 2 selection rule, so the gap ∆CCgap = 2/3 may be saturated. An
example of this, based on twist fields in the supersymmetric orbifold T 2/Z3, is discussed in
detail in Appendix A.
We conclude this subsection by recording the minimal values of ∆CCgap allowed by the
N = 2 representation theory for various values of c and q that will be analyzed in the
superconformal bootstrap analysis later on:
3 ≤ c < 6 , q = 1 , ∆CCgap = 4−
2c
3
,
c ≥ 6 , q = 1 , ∆CCgap = 0 ,
c = 3 , q =
1
3
, ∆CCgap =
2
3
,
c = 6, 9 , q =
c
9
, ∆CCgap = 0 .
(2.13)
8Here we have used a contour deformation trick to replace G−−3/2 by
z1+z2−2z3
(z1−z3)(z2−z3)G
−
−1/2 in the three-point
function (2.11) with two chiral primaries. More specifically, we used
G−+1/2 − (z1 + z2 − 2z3)G−−1/2 + (z1 − z3)(z2 − z3)G−−3/2 =
∮
z=z3
dz
2pii
G−(z)
(z − z1)(z − z2)
z − z3 → 0 , (2.12)
in the three-point function (2.11). See for instance [20] for more details.
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3 N = 2 Superconformal Blocks and Virasoro Blocks
In this section we will discuss the sphere four-point N = 2 superconformal block with four
external BPS primaries of R-charge ±q, with either BPS or non-BPS internal states.9 In
particular, we will present an interesting relation between the N = 2 superconformal block
and the bosonic Virasoro block of a different central charge, generalizing the results of [20].
We will start with the superconformal blocks with either a non-BPS internal representa-
tion. There are two distinct cases as discussed in Section 2.2. The first one is the chiral-chiral
(CC) block, where two chiral primaries of R-charge q fuse into descendants of a non-BPS
primary of R-charge 2q − 1. The second one is the chiral-antichiral (CA) block, where a
chiral and an anti-chiral primary of R-charge q and −q fuse into a R-charge neutral non-BPS
primary and its descendants. The CC block will be denoted by
FCC,c−q,−q,q,q|h(z), (3.1)
where c is the central charge of the N = 2 SCA, h is the weight of the internal non-BPS
primary of R-charge 2q−1, and z is the cross ratio of the four external vertex operators. We
emphasize here again that only the descendants of charge 2q actually appear in the OPE.
The CA block will be denoted by
FCA,c−q,q,q,−q|h(z), (3.2)
where h is the weight of the R-charge-neutral internal non-BPS primary. The vacuum block
can be obtained as a limit of the non-BPS block,
FCA,c−q,q,q,−q|vac(z) = FCA,c−q,q,q,−q|h=0(z). (3.3)
The CC block with an internal chiral primary with charge 2q can be obtained from a
limit of the non-BPS block,
FCC,c−q,−q,q,q|chiral(z) = FCC,c−q,−q,q,q|h=q− 1
2
(z). (3.4)
In the case 0 < q < 1
2
, there is another possible internal antichiral primary of weight h = 1
2
−q
and R-charge 2q− 1 in the CC channel (see Section 2.2 for the selection rule). Its CC block
can also be obtained as a limit of the non-BPS block,
FCC,c−q,−q,q,q|antichiral(z) = FCC,c−q,−q,q,q|h= 1
2
−q(z). (3.5)
We checked (3.3), (3.4) and (3.5) by brute-force computation of the N = 2 superconformal
blocks to the z4 order using computer algebra.10
9For a technical simplification, the external BPS primaries will be taken to have R-charges of the same
absolute value.
10That is, we work with the oscillator representation of the descendant operators, and computing their
OPE coefficients with the external primaries and the relevant Gram matrices, order by order in the conformal
cross-ratio z.
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FCC,c−q,−q,q,q|h(z) = h
φ¯−q(z)
φq(1) φq(∞)
φ¯−q(0)
h→ q − 1
2
FCC,c−q,−q,q,q|chiral(z) = chiral
φ¯−q(z)
φq(1) φq(∞)
φ¯−q(0)
FCA,c−q,q,q,−q|h(z) = h
φ¯−q(z)
φq(1) φ¯−q(∞)
φq(0)
h→ 0
FCA,c−q,q,q,−q|vac(z) = vacuum
φ¯−q(z)
φq(1) φ¯−q(∞)
φq(0)
Figure 2: The limits that relate N = 2 super-Virasoro blocks with BPS external primaries
and non-BPS as well as BPS internal representations.
The N = 2 superconformal blocks with external BPS primaries of charge ±q can be
related to the bosonic Virasoro conformal blocks of different central charges. To understand
this relation, let us consider the N = 2 SL(2)k/U(1) cigar coset model, of central charge
c = 3(k + 2)/k. In this theory, there is a family of superconformal primaries of the form
Φj,m,m¯, that descend from bosonic SL(2)k+2 primaries, of left and right weights and R-charges
h =
−j(j + 1) +m2
k
, h¯ =
−j(j + 1) + m¯2
k
,
q =
2m
k
, q¯ =
2m¯
k
.
(3.6)
The quantum numbers m, m¯ are subject to the constraints m−m¯ ∈ Z, m+m¯ ∈ kZ. There is
a set of normalizable states that correspond to certain discrete real values of j, among which
the (anti)chiral primaries are of the form Φj,m,m¯ with m = m¯, j = |m| − 1. If we assume
that k is a positive integer, the condition m + m¯ ∈ kZ may be relaxed to m + m¯ ∈ Z if we
consider twisted sector states of the orbifold (SL(2)k/U(1))/Zk, where Zk acts by rotation
along the circle direction of the cigar.
The correlation functions of operators of the form Φj,m,m¯ that conserve the total m and
m¯ quantum numbers can be computed directly from the bosonic SL(2)k+2 WZW model,
by factoring out the U(1) part of the vertex operators. The correlators of SL(2) primaries
can further be related to those of a bosonic Liouville theory of central charge c = 1 +
6(
√
k + 1√
k
)2, via [65]. In [58] the sphere four-point function of the (anti)chiral primaries of
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(SL(2)k/U(1))/Zk are rewritten in terms of four-point functions in Liouville theory. It was
further observed in [20] that the N = 2 superconformal block decomposition of the former
coincides with the bosonic Virasoro conformal block decomposition of the latter. This leads
to the following relations between the non-BPS N = 2 superconformal blocks and Virasoro
conformal blocks. For the CC block, we have
FCC,c=
3(k+2)
k
−q,−q,q,q|h (z) = z
k
2
q2(1− z) k2 q(1−q)FVir
c=13+6k+ 6
k
(h−, h−, h+, h+;h+
1
2
+ kq(1− q); z), (3.7)
where FVirc is the Virasoro block with central charge c, and
h− =
q(2k − kq + 2)
4
, h+ =
(q + 1)(k − kq + 2)
4
. (3.8)
For the CA block,
h
φ¯−q(z)
φq(1) φq(∞)
φ¯−q(0)
N=2 block with c= 3(k+2)
k
= z
k
2
q2(1− z) k2 q(1−q) h+ 12 + kq(1− q)
h−
h+ h+
h−
Virasoro block with c=13+6k+ 6
k
h
φ¯−q(z)
φq(1) φ¯−q(∞)
φq(0)
N=2 block with c= 3(k+2)
k
= (z(1− z)) k2 q(1−q) h+ 12 + k4
h−
h+ h−
h+
Virasoro block with c=13+6k+ 6
k
Figure 3: Relation between N = 2 super-Virasoro blocks with external BPS primaries and
bosonic Virasoro blocks.
FCA,c=
3(k+2)
k
−q,q,q,−q|h (z) = (z(1− z))
k
2
q(1−q)FVir
c=13+6k+ 6
k
(h−, h+, h+, h−;h+
1
2
+
k
4
; z). (3.9)
The vacuum and the BPS blocks are also related to Virasoro conformal blocks via (3.3),
(3.4) and (3.5). The relations (3.7) and (3.9) have been checked by brute-force computations
of (super)conformal blocks to the z4 order.
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Having equipped with the relation between the N = 2 blocks and the bosonic Virasoro
blocks, we can now compute the former to high precision efficiently. This is achieved through
Zamolodchikov’s recurrence relation [66, 67], which computes the (bosonic) Virasoro block
as a series expansion in the “nome” q(z), defined as
q(z) ≡ exp(ipiτ(z)), τ(z) ≡ iF (1− z)
F (z)
, F (z) = 2F1(1/2, 1/2, 1|z). (3.10)
The holomorphic Virasoro block for a four-point function 〈O1(z)O2(0)O3(1)O4(∞)〉 with
central charge c, external weights hi, and internal weight h has the following representation
F V irc (hi;h; z) = [16q(z)]
h− c−1
24 z
c−1
24
−h1−h2(1− z) c−124 −h1−h3
× [θ3(q(z))] c−18 −4(h1+h2+h3+h4)H(λ2i , h|q(z)).
(3.11)
If we define
c = 1 + 6Q2, Q = b+
1
b
, hm,n =
Q2
4
− λ2m,n, λm,n =
1
2
(
m
b
+ nb), (3.12)
then H(λ2i , h|q(z)) satisfies Zamolodchikov’s recurrence relation
H(λ2i , h|q(z)) = 1 +
∑
m,n≥1
[q(z)]mnRm,n({λi})
h− hm,n H(λ
2
i , hm,n +mn|q(z)), (3.13)
where hm,n are the conformal weights of degenerate representations of the Virasoro algebra,
and Rm,n({λi}) are given by
Rm,n({λi}) = 2
∏
r,s(λ1 + λ2 − λr,s)(λ1 − λ2 − λr,s)(λ3 + λ4 − λr,s)(λ3 − λ4 − λr,s)∏′
k,` λk,`
. (3.14)
The product of (r, s) is taken over
r = −m+ 1,−m+ 3, · · · ,m− 1,
s = −n+ 1,−n+ 3, · · · , n− 1, (3.15)
and the product of (k, `) is taken over
k = −m+ 1,−m+ 2, · · · ,m,
` = −n+ 1,−n+ 2, · · · , n, (3.16)
excluding (k, `) = (0, 0) and (k, `) = (m,n).
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4 Bounding the Gaps in the OPE of BPS Operators
Our objective is to constrain the spectrum of non-BPS operators in the OPE of a pair
of BPS primaries, either of the form φq(z, z¯)φ−q(0) (CA channel), or φq(z, z¯)φq(0) (CC
channel), by analyzing the N = 2 superconformal block decomposition of the BPS 4-point
function
〈
φ−q(z, z¯)φ−q(0)φq(1)φq(∞)
〉
. The latter can be decomposed in either the chiral-
chiral channel or the two chiral-antichiral channels. The equivalence of these decompositions
gives the following set of crossing equations,
|FCA−q,q,q,−q|vac(z)|2 +
∑
h,h¯
h+h¯≥∆CAgap
(CCAh,h¯ )
2|FCA−q,q,q,−q|h(z)|2
= |FCA−q,q,q,−q|vac(1− z)|2 +
∑
h,h¯
h+h¯≥∆CAgap
(CCAh,h¯ )
2|FCA−q,q,q,−q|h(1− z)|2,
|FCA−q,q,q,−q|vac(z)|2 +
∑
h,h¯
h+h¯≥∆CAgap
(CCAh,h¯ )
2(−)h−h¯|FCA−q,q,−q,q|h(z)|2
= |λ|2|FCC−q,−q,q,q|chiral(1− z)|2 +
∑
h,h¯
(CCCh,h¯ )
2|FCC−q,−q,q,q|h(1− z)|2.
(4.1)
As discussed in Section 2.2, the sum in the chiral-antichiral channels includes only the non-
BPS multiplets. ∆CAgap is defined as the scaling dimension of the lowest non-BPS primary in
the chiral-antichiral channel.
On the other hand, the spectrum in the chiral-chiral channel is more involved. When
q > 1/2, the sum includes only the 1
4
-BPS and non-BPS representations, while in the case
of 0 < q < 1/2, (a, a) primaries of weight h = h¯ = 1
2
− q and R-charge 1 − 2q < 0 can also
contribute.11 We define ∆CCgap to be the gap between the scaling dimension of the lightest
operator that does not belong to a (c, c) multiplet,12 and that of a charge 2q (c, c) primary.
Using the positivity of the coefficients (CCC)2 and (CCA)2, we will obtain numerical upper
bounds on ∆CAgap. The bound will depend on the chiral ring coefficient λ and the gap ∆
CC
gap in
the φqφq OPE, the chiral-chiral channel.
11Since the N = 2 block for this internal antichiral primary is a limit of the non-BPS block (3.5), we
do not have to single out its contribution from the crossing equation (4.1) as we did for the internal (c, c)
primary.
12That is, the lightest operators in the second term of the second line in (4.1).
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4.1 Semidefinite Programming
We now describe the method of using semidefinite programming to generate numerical upper
bounds on the gap. Our first task is to write the crossing equations in a form that is
convenient for the implementation of semidefinite programming. By defining (the operators
are placed in the order z, 0, 1,∞)
GCA,−
h,h¯
(z) ≡ |FCA−q,q,q,−q|h(z)|2 − |FCA−q,q,q,−q|h(1− z)|2,
ĜCA,±
h,h¯
(z) ≡ |FCA−q,q,−q,q|h(z)|2 ± |FCA−q,q,−q,q|h(1− z)|2,
GCC,±
h,h¯
(z) ≡ |FCC−q,−q,q,q|h(z)|2 ± |FCC−q,−q,q,q|h(1− z)|2,
(4.2)
the crossing equations can be packaged as [68]
0 =
∑
h,h¯
(CCAh,h¯ )
2
 G
CA,−
h,h¯
(z)
(−)h−h¯ĜCA,−
h,h¯
(z)
(−)h−h¯ĜCA,+
h,h¯
(z)
+∑
h,h¯
(CCCh,h¯ )
2
 0GCC,−h,h¯ (z)
−GCC,+
h,h¯
(z)
 , (4.3)
where the sum includes the vacuum multiplet in the CA channel and the charge 2q chi-
ral multiplet in the CC channel. Next we act by a vector linear functional ~α with three
components, which we write as a sum ~αo + ~αe where
αio ≡
∑
m+n odd
αim,n∂
m
z ∂
n
z¯ |z=z¯=1/2, αie ≡
∑
m+n even
αim,n∂
m
z ∂
n
z¯ |z=z¯=1/2, (4.4)
to put the crossing equations into the form
0 =
∑
h,h¯
(CCAh,h¯ )
2
(
α1o[G
CA,−
h,h¯
] + (−)h−h¯α2o[ĜCA,−h,h¯ ] + (−)h−h¯α3e[ĜCA,+h,h¯ ]
)
+
∑
h,h¯
(CCCh,h¯ )
2
(
α2o[G
CC,−
h,h¯
]− α3e[GCC,+h,h¯ ]
)
.
(4.5)
A hypothetical spectrum in the CA and CC channels can be ruled out by unitarity if we
can find an ~α satisfying
α1o[G
CA,−
h,h¯
] + (−)h−h¯α2o[ĜCA,−h,h¯ ] + (−)h−h¯α3e[ĜCA,+h,h¯ ] ≥ 0, ∀ (∆, s) ∈ ICA,
α2o[G
CC,−
h,h¯
]− α3e[GCC,+h,h¯ ] ≥ 0, ∀ (∆, s) ∈ ICC ,
(4.6)
where ICA and ICC are the sets of scaling dimensions and spins for the superconformal
multiplets in the CA and CC channels, respectively. In particular, we aim to rule out
hypotheses of the form
ICA = {∆ = 0 or ∆ ≥ ∆̂CAgap}, ICC = {∆ = 2q or ∆ ≥ ∆̂CCgap}, (4.7)
and find the lowest ∆̂CAgap and ∆̂
CC
gap that can be ruled out to obtain the most stringent bound
on the gaps. Such a problem can be solved using the method of semidefinite programming.
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4.2 Some Comments on the Details of the Numerics
We implement semidefinite programming using the SDPB package [50]. In practice, to obtain
an upper bound on the gaps, we need to truncate our basis of linear functionals at finite
total derivative order Nα in ∂z, ∂z¯. The most stringent upper bound on the gaps is then
bound by extrapolating to Nα → ∞. We must also truncate the set of spins on which
to impose positivity (4.6), and approximate the superconformal block in Zamolodchikov’s
representation by truncating (3.13) to a finite series in the nome q(z). The largest spin
considered and the order of the q(z)-series are denoted by smax and dq, respectively. We
would like to emphasize here that whereas the truncations in the spins and q(z)-orders are
(controlled) approximations, the truncation in derivative orders Nα always yields rigorous
bounds (for sufficiently high smax and dq).
The conformal blocks are computed numerically via Zamolodchikov’s recurrence relation
that was reviewed in Section 3. The blocks are computed separately for each value of the
central charge, so that all inputs to the recurrence relation except for the internal weight
h are numerical numbers. Since the conformal block for arbitrary internal weight h is a
combination of H(λ2i , hm,n + mn|q(z)) for m,n ≥ 1 via the recurrence relation (3.13), an
efficient way to compute the general conformal block is to first compute H at these special
values of the internal weight. Moreover, in order to compute the general conformal block to
O([q(z)]dq), we only need H(λ2i , hm,n + mn|q(z)) for mn ≤ dq. Denoting by ~H the column
vector that contains this finite set of H as entries, the recurrence relation (3.13) implies a
matrix equation of the form
(I−M) ~H = ~1 +O([q(z)]dq+1), (4.8)
where I is the identity matrix, ~1 is a column vector with every entry equal to 1, and M is a
matrix with elements
[M](p,q),(m,n) =
[q(z)]mnRm,n({λi})
hp,q − hm,n . (4.9)
It is then straightforward to invert I−M to obtain ~H.13
For a given derivative order Nα, the dependence of the bound on smax and dq has the fol-
lowing behavior: when the truncation order is small, an ~α satisfying (4.6) always exists even
when the hypothetical gaps (∆̂CAgap, ∆̂
CC
gap) are set to zero, thereby ruling out any hypothesis
of the form (4.7); as the truncation order exceeds some minimum, a bound on (∆̂CAgap, ∆̂
CC
gap)
starts to exist and stabilize as we go to higher truncation orders. We adjust the truncation
13This inversion is performed by writing ~H and I−M both as series in q(z), and matching the coefficients
order by order. A direct matrix inversion would be extremely inefficient and unnecessary since (4.8) is only
accurate to a finite order.
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order to make sure that the bound has stabilized to within the desired numerical precision.
Empirically we find that while setting smax = dq = Nα + 4 usually suffices, sometimes higher
truncation orders are needed, for example when the chiral ring coefficient λ is sent to infinity,
or when the central charge is close to 3.
The bottleneck for the speed of the numerical computation is the truncation order of
the q(z)-series. This is because in the Zamolodchikov representation of the conformal block,
the coefficients in the q(z)-expansion have denominators that are higher and higher-degree
polynomials in h, and the degree of the polynomial is a key factor affecting the computation
speed. This imposes a limit on the highest derivative order Nα we can go to, since as
mentioned in the previous paragraph, the derivative order must be somewhat lower than the
q(z)-expansion order dq. We have chosen to only consider dq up to 28, and hence Nα up to
24 or less.
5 (2, 2) Theories with Exactly Marginal Deformations
In this section, we study constraints on the R-charge neutral non-BPS spectrum of (2, 2)
SCFTs with exactly marginal deformations, by considering the OPE of a pair of BPS pri-
maries of R-charge ±1 (on both left and right), in theories whose central charges lie in the
range 3 ≤ c ≤ 9. The G∓−1/2G˜∓−1/2 descendants of these primaries generate N = (2, 2)-
preserving exactly marginal deformations. When there are more than one modulus for the
N = (2, 2) conformal manifold, we will consider the BPS four-point function associated to
only one of them.
Let us comment on the chiral ring coefficient λ, which controls the contribution from the
N = 2 superconformal block with an internal BPS representation (of R-charge 2 in this case)
in the chiral-chiral channel. For c < 6, an R-charge 2 chiral primary would be forbidden
by the unitarity bound, and thus λ = 0. For c ≥ 6, λ can be nonzero, and we will study
the λ-dependence in the c = 9 case in detail in the next section. If we introduce a nonzero
λ into the crossing equation, the bootstrap bounds will be strictly stronger than that of
λ = 0. This is because the contribution of a superconformal block with a BPS internal
representation may be viewed as a limiting case of superconformal blocks with a non-BPS
internal representation, as we have seen in Section 3. Thus, we will simply set λ = 0 for
now, which amounts to not keeping track of the chiral ring coefficient.
We begin with the c = 3 SCFTs, which include the supersymmetric sigma model on T 2
and its orbifolds. In this case the crossing equation can be trivially solved as follows. The
CA block with external q = ±1 BPS primaries and a R-charge neutral internal non-BPS
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primary of weight h has the following closed form expression,14
FCA,c=3−1,1,1,−1|h(z) =
zh−1
(1− z)h+1 . (5.1)
It turns out that crossing symmetry constrains the four-point function with BPS primaries
φ±1 of R-charge q = ±1 in any unitary c = 3 (2, 2) SCFT to be the square of the vacuum
block,15
〈φ−1(z, z¯)φ1(0)φ1(1)φ−1(∞)〉 = |FCA,c=3−1,1,1,−1|h=0(z)|2 =
1
|z(1− z)|2 . (5.2)
To see this, note that for a fixed real z ∈ (0, 1), the difference between the (2, 2) supercon-
formal block in two CA channels related by crossing,
FCA,c=3−1,1,1,−1|h(z)FCA,c=3−1,1,1,−1|h¯(z)− (z → 1− z) =
z2∆ − (1− z)2∆
(z(1− z))∆+2 , (∆ = h+ h¯) (5.3)
is of a definite sign for all positive ∆ (and vanishes for ∆ = 0). The crossing equation relating
the two CA channels, which involves a sum of such terms with non-negative coefficients, can
be satisfied only if all coefficients for ∆ > 0 vanish, hence the claim.
We now proceed to more general central charges. Figure 4 shows the numerical upper
bounds ∆CAgap on the gap in the CA channel for 3 ≤ c ≤ 9, taking into account the unitarity
constraints on the CC channel gap ∆CCgap (2.13). More specifically, the N = 2 representation
theory demands the CC channel gap to be no smaller than 4 − 2
3
c for 3 ≤ c < 6, and does
not restrict the CC gap for c ≥ 6.
Specific examples of four-point functions that saturate the bounds to within numerical
precision are marked in black. Towards the left, we have certain tensor products of N = 2
minimal models with four-point functions populating the points (10
3
, 4
9
), (7
2
, 2
3
), (18
5
, 4
5
), (15
4
, 1),
as well as the free point (3, 0). These tensor products of minimal models will be explained
in detail in Section 5.1. At c = 6, we have the point (6, 2), that is realized by a four-point
function of fermion bilinears. In [20], by extrapolating to infinite derivative order, it was
found that ∆CAgap is likely to be exactly 2, suggesting that the numerical saturation at (6, 2)
is exact.
For 3 < c < 3.3, the numerics do not stabilize even when we truncate the q(z)-series up
to the maximum order 28 that we consider. Nonetheless, saturation of the bounds by the
tensor products of minimal models as well as the free theory suggests that the bounds could
be given by the exact formula
∆CAgap =
4
3
(c− 3) (5.4)
14This expression is checked by computer algebra up to z6 order.
15For example, the four-point function of the fermion bilinears φ1(z, z¯) ≡ ψ+(z)ψ˜+(z¯), φ−1(z, z¯) ≡
ψ−(z)ψ˜−(z¯) in the T 2 CFT or its orbifolds can be readily computed to be (5.2).
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Figure 4: Left: Upper bounds on the gap in the CA channel ∆CAgap, with the minimal
assumption (2.13) on the gap in the CC channel ∆CCgap, as a function of the central charge
c, at derivative orders 4, 8, 12, 16 (from green to red). Right: The same plot zoomed into
3 ≤ c ≤ 4.
in the range 3 ≤ c ≤ 15
4
.
5.1 (2, 2) Landau-Ginzburg Models with 3 < c < 4
For small central charges 3 < c < 4, we can construct (2, 2) Landau-Ginzburg (LG) models
defined by quasi-homogeneous superpotentials that possess nontrivial exactly marginal de-
formations.16 Equivalently, they can be realized by tensor products of N = (2, 2) minimal
models. See [69] for examples of such (2, 2) SCFTs.
It is easy to classify such LG models with up to 3 chiral superfields. They are of the
following types17
X3 + Y 3n + aXY 2n, n ≥ 3, c = 2(2n− 1)
n
X4 + Y 2n + aX2Y n, n = 3, 5, c =
3(3n− 2)
2n
X4 + Y 8 + aX2Y 4 + bXY 6, c =
15
4
X5 + Y 5 + aX3Y 2 + bX2Y 3, c =
18
5
(5.5)
where the superconformal moduli spaces are parametrized by the coefficients a, b.
16Marginal deformations in (2, 2) SCFTs are exactly marginal [35].
17The polynomials that define such superpotentials are known to be of the unimodal quasi-homogeneous
type in singularity theory [70].
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We are interested in the CA and CC gaps in the OPE of the q = 1 chiral primaries
(and their complex conjugates). This follows immediately from the fusion rules of N = 2
minimal models (D.21). For example for the N = (2, 2) SCFTs defined by LG superpotential
X3 + Y 3n with n ≥ 3, the lowest non-chiral superconformal primary in the CA channel is
given by Φk=3n1,0,0 (see Appendix D.3 for notations) in the N = 2 A3n−1 minimal model,
∆CAgap = ∆(Φ
k=3n
1,0,0 ) =
4
3n
. (5.6)
In the CC channel, the gap between the lowest non-chiral superconformal primary whose
level-1
2
descendant appears and the unitarity bound h = h¯ = q/2 for q = 2 is
∆CCgap = 2
(
h(Φk=31
2
,− 1
2
,− 1
2
) + h(Φk=3nn
2
+1,n
2
,n
2
) + 1− 1
)
=
4(n+ 1)
3n
. (5.7)
Note that the lowest operator appearing in the CC channel here is the product of the level-1
2
descendants of Φk=31
2
,− 1
2
,− 1
2
and Φk=3nn
2
+1,n
2
,n
2
in the respective N = 2 minimal models. The CC
and CA gaps for the rest the of 3 < c < 4 N = 2 LG models can be found in a similar
manner and we summarize them in Table 1. In particular we see that all of these LG models
saturate the lower bound ∆CCgap ≥ 4 − 2c3 on the CC gap from N = 2 representation theory.
Moreover, the c = 10
3
, 7
2
, 18
5
, 15
4
models18 sit on the numerical CA gap bound along with the
c = 3 T 2/Z3 model which has 0 CA gap (see Figure 4).
LG models c marginal chiral primary ∆CAgap ∆
CC
gap
X3 + Y 3n with n ≥ 3 2(2n−1)
n
XY 2n 4
3n
4(n+1)
3n
X4 + Y 2n with 5 ≥ n ≥ 3 3(3n−2)
2n
X2Y n 2
n
n+2
n
X4 + Y 8 15
4
XY 6 1 3
2
X5 + Y 5 18
5
X2Y 3 4
5
8
5
Table 1: CA and CC gaps in N = 2 models with 3 < c < 4.
6 Dependence on Chiral Ring Data
In this section we present the numerical bootstrap results on the upper bounds of ∆CAgap
as a function of the chiral ring coefficient λ, as well as its dependence on ∆CCgap, in (2, 2)
superconformal theories of various central charges. As motivated in the introduction, we
18For c = 154 , the maximal CA gap is achieved when the marginal chiral primary is taken to be XY
6 in
the LG description (see Table 1).
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will focus on the case where the external R-charge q is c/9. Introducing the chiral ring
coefficient explicitly into the crossing equation allows us to probe the dependence of the
spectrum on the moduli of exactly marginal deformations. Our bounds will be compared
to a number of interesting examples, including the twist field OPE in free orbifolds T 2n/Z3,
with n = 1, 2, 3, and nonlinear sigma models on Calabi-Yau threefolds.
6.1 The c = 3, q = 1/3 Case
Let us start with the c = 3 case with external R-charge q = 1
3
. In Figure 5, we present the
numerical bounds on the gap in the CA channel ∆CAgap, which depends on the gap in the CC
channel ∆CCgap and the chiral ring coefficient λ.
Δgap
CC
/
K1
0.5 1.0 1.5 2.0
λ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Δgap
CA
= 3, q = 1/3
Figure 5: Left: Upper bounds on the gap in the CA channel ∆CAgap from the numerical
bootstrap in the case of c = 3 and external charge q = 1
3
. The bounds depend on the chiral
ring coefficient λ and the gap in the CC channel ∆CCgap we put into the crossing equation.
The blue, yellow, and green curves are the bootstrap bounds with ∆CCgap =
2
3
, 2
3
< ∆CCgap ≤ 43 ,
and ∆CCgap >
4
3
, respectively. Right: The three-dimensional visualization of the same plot.
The peak for 2
3
< ∆CCgap ≤ 34 is saturated by the point (R, b) = (
√
4
3
, 0) on the moduli space
of the T 2/Z3 theory, at which the OPE coefficient for the (a, a) primary φ
′
− 1
3
vanishes and
hence ∆CCgap increases to
4
3
.
The primary example is the N = (2, 2) T 2/Z3 orbifold CFT, which will be reviewed in
details in Appendix A. The q = ±1/3 BPS primaries φ± 1
3
are taken to be twist fields in the
Ramond-Ramond sector. This orbifold CFT has a real two-dimensional moduli space M ,
parametrized by the size R of the T 2 and the B-field b, with periodicity b ∼ b+ 1.19
19We will work in the convention α′ = 2 throughout the paper.
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Figure 6: The T 2/Z3 free orbifold theory saturates the c = 3, q = 13 N = (2, 2) conformal
bootstrap of the four-point function 〈φ 1
3
φ¯− 1
3
φ¯− 1
3
φ 1
3
〉. Here φ 1
3
is a q = q¯ = 1
3
(c, c) primary
operator and φ¯− 1
3
is its (a, a) conjugate. The vertical axis is the dimension ∆CAgap of the
lowest dimensional non-BPS primary in the chiral-antichiral channel. The horizontal axis
is the chiral ring coefficient λ in the chiral-chiral channel. The red curve is the numerical
bootstrap upper bound on ∆CAgap, which depends on the value of the chiral ring coefficient λ we
put into the crossing equation. The black dots are the analytic results (λ(R, b),∆CAgap(R, b))
(using (A.10) and (A.19)) of the N = (2, 2) T 2/Z3 orbifold theory, by randomly sampling
many points on the moduli space (R, b). We see that there are some loci on the moduli space
(R, b) of the T 2/Z3 orbifold theory saturating the numerical bootstrap bound.
6.1.1 T 2/Z3 CFT Saturating the Bootstrap Bound
We would like to compare the analytic results of the T 2/Z3 CFT with the numerical bounds
that are presented in Figure 5. This is possible because both the chiral ring coefficient
λ(R, b) and the CA gap ∆CAgap(R, b) are known in the T
2/Z3 CFT, as explicit functions of the
two moduli R, b (see (A.10) and (A.19)). By scanning over the moduli space M , the points
(λ,∆CAgap) realized by the T
2/Z3 CFT are shown as black dots in Figure 6. The blue curve in
Figure 6, on the other hand, is the numerical bootstrap bound on ∆CAgap, assuming the gap in
the chiral-chiral channel is ∆CCgap =
2
3
. As discussed in Section 2.4, 2
3
is the smallest value of
∆CCgap allowed by the N = (2, 2) representation theory, so we did not impose any non-trivial
assumption on the operator spectrum in the chiral-chiral channel of the four-point function
〈φ 1
3
φ¯− 1
3
φ¯− 1
3
φ 1
3
〉.
Rather remarkably, we see that the analytic results of T 2/Z3 orbifold theory (black dots)
saturate the numerical bootstrap bound (blue curve) for certain loci on the moduli space M .
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In the plot of the numerical bootstrap bound, there are two kinks at20
K1 : (λ ∼ 0.776 , ∆CAgap =
√
3
2
∼ 1.225 ) ,
K2 : (λ = 2
1
6 ∼ 1.122 , ∆CAgap = 1 ) .
(6.1)
These two kinks divide the bootstrap curve into region I, II, and III, ordered from left to
right. We numerically observe that the three regions of the bootstrap curve are saturated
by the following loci on the moduli space (see Figure 7):21
• Region I is saturated by the following two disconnected real one-dimensional loci C1 on the
moduli space M of the T 2/Z3 orbifold theory:22
C1 : R(b) =
[
16
3
(
1
3
− b2
)] 1
4
,
1
3
≤ b ≤ 1
2
, and − 1
2
≤ b ≤ −1
3
. (6.2)
In particular at the end point P where R =
√
2
3
and b = 1
2
, the orbifold theory factorizes into
a tensor product of three N = 2 A2 minimal models. The chiral ring coefficient λ vanishes
and the CA gap is saturated by the extra conserved currents at this point.
• Region II is saturated by the real one-dimensional locus C2 on the moduli space M :
C2 : R(b) =
[
16
3
(
1
3
− b2
)] 1
4
, − 1
3
≤ b ≤ 1
3
. (6.3)
Even though the curve C1 and C2 are smoothly connected on the moduli space M , they are
separated by a kink K1, which is realized by (R = 2
5
43−
3
4 , b = ±1
3
), in the plot of ∆CAgap versus
the chiral ring coefficient λ. This is because while λ(R, b) is a continuous function of the
moduli (R, b) (as given in (A.10)), the gap ∆CAgap(R, b) is not; the momentum pµ and winding
number vµ that minimize the dimension h + h¯ in (A.19) jump as we vary the moduli from
C1 to C2.
• Region III is saturated by the real one-dimensional locus C3 on the moduli space M :
C3 : R > 0 , b = 0 . (6.4)
In region III where b = 0, given a radius R, there is a “dual” radius R′ ≡ 4
3R
such that
∆CAgap(R, 0) = ∆
CA
gap(R
′, 0) and λ(R, 0) = λ(R′, 0), and hence mapping to the same point on
20The analytic expressions for the positions of these two kinks are guessed and checked to high numerical
precision.
21There are other loci or points on M saturating the bootstrap bound but we will only focus on the loci
C1, C2, C3 below.
22In fact, since ∆CAgap and λ are even functions of the B-field b, each of the component
1
3 ≤ b ≤ 12 and the
component − 12 ≤ b ≤ − 13 of C1 maps to the entire region I in the plot (λ,∆CAgap).
25
K2
K1K1
PP
C1C1
C2
C3
-0.5 -0.25 0.25 0.5
b
0.5
1.0
1.5
R
2
K1
K2
P
I
II
III
0.5 1.0 1.5 2.0
λ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Δgap
CA
Figure 7: Left: The conformal moduli space M of the N = (2, 2) T 2/Z3 orbifold theory,
parametrized by the radius R and the B-field b with periodicity b ∼ b+1. Right: The numer-
ical bootstrap bound on the lowest dimensional non-BPS operator in the chiral-antichiral
channel ∆CAgap of the four-point function 〈φ 1
3
φ¯− 1
3
φ¯− 1
3
φ 1
3
〉. The three real one-dimensional
curves C1, C2, C3 on M (left) saturate region I, II, III, respectively, of the numerical bootstrap
bound (right).
the plot (λ,∆CAgap). The kink K2 in the bootstrap bound is realized by the “self-dual” radius
R =
√
4
3
.23
However, the “dual” radius R′ is not the radius obtained by performing T -duality twice
along the two sides of the torus, which would have been RT -dual = 4√
3R
(again in the α′ = 2
convention). Indeed, T -duality is not a symmetry of the chiral ring coefficient λ of twist
fields from a single fixed point; rather, T -duality would mix twist fields from different fixed
points together [33].
6.1.2 Varying the Chiral-Chiral Gap ∆CCgap
In this subsection we will demonstrate how the numerical bootstrap bound for larger values
of ∆CCgap is also saturated by the T
2/Z3 CFT.
In the case of c = 3 and external charge q = 1
3
, we show the bootstrap bound on ∆CAgap in
Figure 5 for various values of the gap ∆CCgap we assume in the chiral-chiral channel. From the
discussion in Section 2.4, the minimal gap allowed by the N = (2, 2) representation theory
is ∆CCgap =
2
3
, which is realized by the descendant of an internal (a, a) primary φ
′
− 1
3
. In the
23As mentioned below (A.15), there are two other points R = 1/
√
3, b = ±1/4 that also realize the kink
K2.
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Nα Upper bound on ∆
CC
gap at λ = 2
1
6 λmin at ∆
CC
gap =
4
3
λ∗max at ∆
CC
gap =
4
3
4 1.37093 1.1073 1.2993
8 1.33396 1.1214 1.1231
12 1.33351 1.1225 1.1225
16 1.33346 1.1225 1.1225
Table 2: The width in λ and the extent in ∆CCgap of the allowed region for ∆
CC
gap >
2
3
from
the numerical bootstrap in the case of c = 3 and external charge q = 1
3
. λ∗max is defined as
the value of λ at which ∆CAgap =
1
2
, the reason being that the bounds on ∆CAgap for λ > 2
1
6 are
nonzero at finite derivative order but approach zero as the derivative order is increased.
case of ∆CCgap =
2
3
(the blue curve in Figure 5), we have discussed how the bootstrap bound
is saturated by the T 2/Z3 theory above in this section.
As we raise the value of ∆CCgap above
2
3
but still below 4
3
, we observe that the numerical
bootstrap bound becomes a peak at the kink K2 (the orange curve in Figure 5). Table 2
suggests that as the derivative order is increased, the peak approaches infinitesimal width
and the maximum value of ∆CCgap approaches
4
3
. The upper bound on ∆CAgap is very close to 1
for λ = 2
1
6 and 2
3
≤ ∆CCgap ≤ 43 . The kink K2 is realized by the three points (A.15) on the
moduli space. As discussed at the end of Section A.1, these are exactly the points where the
OPE coefficient C(R, b) for the (a, a) primary φ
′
− 1
3
in the chiral-chiral channel vanishes and
the ∆CCgap increases to
4
3
.
If we further increase the value of ∆CCgap to be above
4
3
, the numerical bootstrap bound on
∆CAgap drops to zero (the green curve), suggesting that there is no zero for the OPE coefficient
of the non-BPS operator that is responsible for ∆CCgap =
4
3
.
We therefore reach a satisfying conclusion that the entire three-dimensional bootstrap
bound in Figure 5 is saturated by the T 2/Z3 orbifold CFT, not just the ∆CCgap = 23 slice
discussed previously.
6.2 The c = 6, q = 2/3 Case
Next we consider (2, 2) SCFTs with c = 6 and BPS primaries of R-charge ±2
3
. Examples
include the twist fields in the Z3 orbifold of a T 4 or K3 CFT that admit Z3 symmetry. In
Figure 8 we show the upper bound on the gap in the CA channel ∆CAgap as a function of the
chiral ring coefficient λ, without any assumption on the gap in the CC channel ∆CCgap.
We can compare the bounds with the solvable free orbifold T 4/Z3 CFT. The external
BPS primaries are taken to be Z3 twist fields in RR sector. The metric on the T 4 may be
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Figure 8: Upper bounds on the gap in the CA channel ∆CAgap in the c = 6, q =
2
3
case.
The green to red curves are the numerical bounds obtained from conformal bootstrap, in
increasing derivative orders 4, 8, 12, 16, 20. The bounds stabilize to within numerical
precision at 20 derivative order. The black dots are randomly sampled values of (λ,∆CAgap)
for the T 4/Z3 CFT, in the absence of B-field. The maximum gap in this case is marked by
the blue dot. The CA gap in the 16 Gepner model is labelled by the blue diamond.
written as
ds2 = Gµνdx
µdxν = Mij(dx
i + ωdxi+2)(dxj + ω2dxj+2) , (6.5)
where ω = exp(2pii/3), µ = 1, · · · , 4 and i = 1, 2. The periodicities of the coordinates are
xµ ∼ xµ + 2pi. Mij is a Hermitian, positive-definite 2×2 matrix, parametrizing the moduli
of the Z3-invariant T 4. The Z3 acts simultaneously on the planes (x1, x3) and (x2, x4) as
rotations by 2pi/3.
In the absence of B-field, the chiral ring coefficient λ as a function of Mij is given by a
direct generalization of (A.10)
λ(Mij) =
[√
3
2
Γ(2
3
)2
Γ(1
3
)
]n√
detM
∑
vi∈Z
exp
[
−
√
3pi
2
Mij(v
i + ωvi+2)(vj + ω2vj+2)
]
, (6.6)
with n = 2 (the complex dimension of the target space torus). The weights of the exponential
operators in the chiral-antichiral channel are given in (A.19). Values of (λ(Mij),∆
CA
gap(Mij))
for the T 4/Z3 CFT in the absence of B-field are plotted as black dots in Figure 8. They
occupy a domain with λ & 1.20474, with the maximal gap at (λ,∆CAgap) = (1.20474,
√
3
2
).
When a nonzero flat B-field is turned on, all values of λ can be realized. At a special
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value of B-field moduli (and the metric moduli), the SCFT is described by a LG model
with superpotential W =
∑6
i=1 X
3
i . Taking the q =
2
3
chiral primary to be O = X1X2 +
X3X4 +X5X6, we see that the CA gap is saturated by the non-BPS primary X1X2X3X4 +
X3X4X5X6 +X5X6X1X2 + c.c with ∆
CA
gap =
4
3
. With normalizations taken into account, the
chiral ring coefficient is determined to be λ = 2√
3
.
We do not know the precise domain occupied by the twist field OPE in T 4/Z3 with
general nonzero flat B-field in the plot of Figure 8; random numeric sampling indicates24
that the bootstrap bound is not saturated by T 4/Z3 for any value of λ25, unlike the previously
considered c = 3, q = 1/3 case where the bound is saturated by the T 2/Z3 CFT.
6.3 The c = 9, q = 1 Case
Finally we turn our attention to c = 9 SCFTs, which include supersymmetric nonlinear sigma
models on Calabi-Yau threefolds, and consider the OPE of chiral and antichiral primaries
with R-charge ±1. The G∓− 1
2
G˜∓− 1
2
descendants of these (anti)chiral primaries are associated
with exactly marginal deformations of the SCFT. In Figures 9 and 10 we present the nu-
merical bootstrap bound on the scaling dimension ∆CAgap of the lightest non-BPS operator
in the chiral-antichiral channel, as a function of the chiral ring coefficient λ and the gap
in the scaling dimension ∆CCgap of non-BPS operators in the chiral-chiral channel, at deriva-
tive orders Nα = 8, 12, 16, 20. For fixed ∆
CC
gap, The bounding curve ∆
CA
gap(λ) has a kink at
(λ,∆CAgap) = (
2√
3
, 2), which is realized by the OPEs of free fermions (see Appendix C).
As the gap ∆CCgap in the chiral-chiral channel is increased from 0, the bound ∆
CA
gap(λ)
becomes stronger and is no longer monotonic in λ. There is a maximal value for the chiral-
chiral channel gap ∆CCgap = 2, above which the crossing equation cannot be satisfied (and the
CA gap drops to zero). If we assume ∆CCgap = 2, the CA gap bound at increasing derivative
orders Nα (as shown in Figure 11) strongly suggests a convergence to the following bound
at Nα =∞:
∆CAgap =

1, λ < 2√
3
2, λ = 2√
3
0, λ > 2√
3
(∆CCgap = 2) (6.7)
24The challenge in performing a dense numerical sampling lies in the problem of finding the shortest vector
in a high rank lattice of generic pairing matrix (in the T 2n/Z3 case, a 4n-dimensional lattice of momentum
and winding is involved), which is NP-hard [71].
25While we do not have a reliable extrapolation of the bounds to infinite derivative order using bounds
at derivative order 20 and lower, such attempts with an ansatz that is quadratic in inverse derivative order
suggest that the infinite derivative order bounds would not be saturated by T 4/Z3 at any point in the moduli
space we sampled.
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Figure 9: Upper bounds on the gap in the CA channel ∆CAgap from the numerical bootstrap,
in the case of c = 9 and q = 1, at derivative orders 8, 12, 16, and 20. The bounding curves
are plotted for different values of the gap in the CC channel ∆CCgap, as functions of the chiral
ring coefficient λ. The values of ∆CCgap from top to bottom are 0, 1.4, 1.8, 2, > 2. We see that
the upper bound on ∆CCgap is 2. For ∆
CC
gap = 2, the width of the peak is expected to shrink to
zero at infinite derivative order, supported only at λ = 2√
3
. The bounding curve (at infinite
derivative order) for ∆CCgap = 2 and λ ≤ 2√3 is saturated by free fermion correlators (say at
the large volume point of the quintic).
As explained in Appendix C, this entire curve (in fact, it is part of two lines of kinks in the
three-dimensional plot of Figure 9, along ∆CCgap = 2, ∆
CA
gap = 1, and along λ =
2√
3
, ∆CAgap = 2)
is saturated by OPEs in free theories.
We may compare our numerical bounds with the OPE of Ka¨hler moduli operators of
the quintic threefold model. See Appendix D for a review of the quintic model and the
dependence of the chiral ring coefficient on the Ka¨hler moduli. The chiral ring coefficient
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Figure 10: Upper bounds on the gap in the CA channel ∆CAgap from the numerical bootstrap,
in the case of c = 9 and q = 1, at derivative orders 8, 12, 16, and 20. The green and red
curves are the contours of ∆CAgap = 1 and 2, respectively, on the bounding surface. There is an
overall upper bound on ∆CCgap that approaches 2 at large derivative orders, so no data point
is displayed for ∆CCgap > 2.
has a global minimum λ = 2√
3
≈ 1.1547 in the large volume limit, and diverges at the conifold
point. As already mentioned, the large volume point has ∆CAgap = 2, which lies precisely at
a kink on our bounding curve (see Figure 12). At the conifold point, the CA and CC gaps
are ∆CAgap =
1
2
and ∆CCgap = 0 (see Appendix D.2 for details). The 3
5 Gepner model (orbifold
of five copies of the c = 9
5
N = 2 minimal model) lies at a point on the Ka¨hler moduli space
where the chiral ring coefficient takes a local minimum value λ =
Γ( 35)
15/2
Γ( 15)
5/2
Γ( 25)
15/2
Γ( 45)
5/2 ∼ 1.55532.
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Figure 11: Left: Upper bounds on the gap in the CA channel ∆CAgap for the gap in the CC
channel ∆CCgap = 2, as a function of the chiral ring coefficient λ, in the case of c = 9 and q = 1,
at derivative orders 4, 8, 12, 16, 20 (green to red). Right: The width of the peak plotted
over inverse derivative order. The width is defined as λr − λl, where λr is the value of λ at
which ∆CAgap = 1 on the right edge, and λl is the value of λ at which ∆
CA
gap = 1.5 on the left
edge.
In this Gepner model, ∆CAgap =
4
5
is well within the bootstrap bounds if we assume its value
of the gap in the CC channel, ∆CCgap =
6
5
. A discussion of Gepner points that lie inside the
moduli space of one parameter Calabi-Yau sigma models can be found in Appendix D.3.
We can also compare our bounds with the twist field OPE of the Z-manifold, i.e. the
T 6/Z3 CFT [21], at the free orbifold point (i.e. without deforming by marginal twist fields,
but with generic moduli for the Z3 invariant T 6). The chiral ring coefficient is given by (6.6)
with n = 3, and the CA gap ∆CAgap is given in (A.19). The values of (λ,∆
CA
gap) for the T
6/Z3
CFT in the absence of B-field are shown as black dots in Figure 12, with the maximal gap
realized at (λ,∆CAgap) ∼ (1.26419,
√
2). When a nonzero B-field is turned on, all values of λ
can be realized. We do not know the precise domain in (λ,∆CAgap) realized by T
6/Z3 with
general nonzero B-field, despite having numerically sampled over a large set of points over
the (Ka¨hler) moduli space. It appears that the twist field OPE of T 6/Z3 never saturates our
bootstrap bound on the CA gap, for any value of λ.
Figure 13 shows the bound on ∆CAgap in the limit of infinite chiral ring coefficient λ =∞,
with dependence on ∆CCgap. For Calabi-Yau models, the infinite λ limit corresponds to the
conifold point. A continuum of operators with dimension gap 1
2
is expected to develop in
the vicinity of the conifold point, described by the c = 9 N = 2 Liouville theory [41] (See
Appendix D.2). Indeed, our bound on ∆CAgap at λ = ∞ is likely saturated by the N = 2
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Figure 12: Upper bounds on the gap in the CA channel ∆CAgap in the c = 9, q = 1 case.
The green to red curves are the numerical bounds obtained from conformal bootstrap, in
increasing derivative orders 8, 12, 16, 20, 24. The black dots are randomly sampled values
of (λ,∆CAgap) for the T
6/Z3 CFT, in the absence of B-field. The blue circle dot marks the
maximal ∆CAgap in this case. The blue square marks the large volume limit of the quintic that
sits at the kink of the bounding curve. The blue diamond (buried in the black dots) marks
the 35 Gepner model, which has ∆CCgap =
6
5
.
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Figure 13: Left: Upper bounds on the gap in the CA channel ∆CAgap from the numerical
bootstrap, as a function of the gap in the CC channel ∆CCgap, in the limit of infinite chiral
ring coefficient λ = ∞, in the case of c = 9 and q = 1, at derivative orders 4, 8, 12, 16, 20.
Right: The bounds ∆CAgap at λ =∞ and ∆CCgap = 0 plotted over inverse derivative order hints
at a convergence towards ∆CAgap =
1
2
.
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Liouville theory. So far, we have been unable to optimize the bounds of Figure 13 by a
reliable extrapolation to infinite derivative order, due to the limitation of computational
power. Unlike at finite λ, where the bounds stabilize at dq = Nα + 4, at infinite λ it is found
empirically that at least dq = Nα + 8 is required. Note that there appears to be a transition
at ∆CCgap ≈ 1.4, above which ∆CAgap(λ =∞) decreases from 12 , and vanishes as ∆CCgap exceeds 2.
7 Summary and Outlook
We began with the known knowns: the chiral ring data, whose moduli dependence is un-
derstood, and constrained the known unknowns: the spectrum of non-BPS operators in
Landau-Ginzburg or Calabi-Yau models at generic points on their moduli spaces. We have
also probed the unknown unknowns [72]: the spectra of general (2, 2) SCFTs that admit ex-
actly marginal deformations, by constraining the OPE content of marginal BPS operators.
We carved out some allowed domains in the space of possible gaps in the CA and CC
OPE channels and the chiral ring coefficient. Let us recap some of the main results:
• An upper bound on the gap in the OPE of a marginal BPS operator and its conjugate was
computed for 3 ≤ c ≤ 9. Interestingly, the bound appears to be saturated by products of
N = 2 minimal models for a few special values of the central charge, c = 3, 10
3
, 7
2
, 18
5
, 15
4
.
• For c = 3 theories, we considered the gap in the OPE of a pair of BPS primaries of R-charge
±1
3
, as a function of the chiral ring coefficient. The entire bounding curve is saturated by the
twist field OPE in the superconformal orbifold T 2/Z3, along a curve in the Ka¨hler moduli
space of the latter.
• For c = 9 theories, we considered the gaps in the OPE of a pair of marginal BPS pri-
maries (of R-charge ±1), as a function of the chiral ring coefficient. Without making any
assumptions on the CC channel gap, we saw that a kink on the bounding curve, at λ = 2√
3
,
∆CAgap = 2, is saturated by the OPE of free fields. In the context of Ka¨hler deformations
of 1-parameter Calabi-Yau models, the kinks corresponds to the large volume limit. The
Ka¨hler deformations of the quintic model only realizes λ ≥ 2√
3
. Smaller values of λ can be
realized on other 1-parameter Calabi-Yau models. In this case, we found that ∆CAgap may
exceed the free field value, namely 2. It remains to be seen whether this larger allowed gap
can be realized in the quantum regime of Calabi-Yau models.
• Various Gepner models and the twist field OPE of the Z-manifold T 6/Z3 lie well within
our bounds. The gap in the continuum that develops at the conifold point, however, appears
to saturate our bound in the λ→∞ limit.
•We observed various kinks on the boundary of the allowed domain in (λ,∆CCgap,∆CAgap), some
34
of which are saturated by OPEs of free fields. Many of the features of this plot remain
unexplained, and it would be nice to understand whether all of it can be realized by (2, 2)
SCFTs.
The non-BPS spectrum in Calabi-Yau sigma models has also been constrained from
modular invariance of the torus partition function [63]. In that work, an upper bound on the
dimension of the lightest non-BPS operator in the entire spectrum (rather than in specific
OPEs) is obtained numerically as a function of the total Hodge number. The latter plays an
analogous role as the chiral ring coefficient λ in the crossing equation of four-point functions.
In particular, the authors find that there is always a non-BPS primary with dimension less
than 2 for all values of the total Hodge number. On the other hand, our bound (see Figure
9) constrains the R-charge neutral non-BPS operator in the specific OPE between a pair of
BPS primaries and depends on the conformal moduli through the chiral ring coefficient λ.
If we do not keep track of the moduli dependence by setting λ = 0 and assume ∆CCgap = 0,
our bound ∆CAgap ∼ 2.272 (at derivative order 24)26 appears to be a weaker bound than that
of [63] as far as the entire spectrum is concerned.
Obvious generalizations of this work include studying the crossing equations for mixed
correlators, especially ones that involve simultaneously (c, c) and (c, a) ring operators. For
Calabi-Yau models, this is particularly important in that we wish to pin down the point
on both the complex and Ka¨hler moduli spaces of the theory, and to constrain the spec-
trum thereof. Further, one would like to extend our analysis to non-BPS 4-point functions,
which would require an efficient way to compute the general non-BPS N = 2 superconfor-
mal blocks, that is not yet available. Eventually, we wish to combine the crossing equation
for the sphere 4-point correlators with the modular crossing equation for the torus parti-
tion function and 1-point functions [63, 64, 73–75]. Another potentially fruitful route is to
study the crossing equation for disc correlators, subject to boundary conditions that respect
spectral flow symmetry (spacetime-BPS D-brane boundary states in the context of string
compactification). We are hopeful that much more is to be learned along these lines toward
classifying and solving (2, 2) superconformal theories.
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A T 2/Z3 Free Orbifold CFT
In this Appendix we will demonstrate that the four-point function of chiral and antichiral
primaries in the N = (2, 2) T 2/Z3 orbifold theory saturates the numerical bootstrap bound
for c = 3 and external charge q = 1
3
, along a certain loci on the conformal moduli space.
We start by reviewing some basic facts about the torus orbifold CFT. Consider a torus
with both sides 2piR and angle 2pi/N . We denote the target space fields parametrizing
the torus by X(z, z¯) and X¯(z, z¯) with periodicity X ∼ X + 2piR ∼ X + 2piRω. Here
ω = exp(2pii/N). We will consider the T 2/ZN orbifold CFT in which X(z, z¯) obeys,27
X(e2piiz, e−2piiz¯) = ωX(z, z¯) ,
X¯(e2piiz, e−2piiz¯) = ω¯X¯(z, z¯) ,
(A.1)
in the twisted sector. For each fixed point, there are N − 1 twist fields with weights
h = h¯ =
1
2
k
N
(
1− k
N
)
, k = 1, · · · , N − 1 . (A.2)
We will denote the twist field with k = 1 and k = N−1 by σ+(z, z¯) and σ−(z, z¯), respectively.
In the N = (2, 2) superconformal T 2/ZN orbifold CFT, we have in addition two holo-
morphic fermions ψ+(z), ψ−(z) with R-charge q = ±1 and q¯ = 0, as well as their antiholo-
morphic counterparts ψ˜+(z¯), ψ˜−(z¯) with R-charge q = 0 and q¯ = ±1. Let H(z) and H˜(z¯)
be the bosonization of the holomorphic and antiholomorphic fermions,
J(z) = ψ+ψ−(z) = i∂H(z) , J˜(z¯) = ψ˜+ψ˜−(z¯) = i∂H˜(z¯) , (A.3)
27Recall that to be compatible with the identification on T 2, N will be restricted to 2, 3, 4, 6.
36
where J(z) and J˜(z¯) are the holomorphic and antiholomorphic U(1)R currents, respectively.
The ZN spin field s±(z) = exp(±ikH(z)/N) has weight
h =
1
2
(
k
N
)2
. (A.4)
From now on we will concentrate on the N = (2, 2) T 2/Z3 orbifold CFT. We will consider
the OPE and the four-point function of the q = q¯ = 1
3
(c, c) primary φ 1
3
(z, z¯) and its (a, a)
conjugate primary φ¯− 1
3
(z, z¯),
φ 1
3
(z, z¯) = e
i
3
H(z)+ i
3
H˜(z¯)σ+(z, z¯) ,
φ¯− 1
3
(z, z¯) = e−
i
3
H(z)− i
3
H˜(z¯)σ−(z, z¯) .
(A.5)
Note that the weights of φ 1
3
(z, z¯) and φ¯− 1
3
(z, z¯) are both h = h¯ = 1
2
(1
3
)2 + 1
2
1
3
2
3
= 1
6
.
The Ka¨hler moduli space M of theN = (2, 2) T 2/Z3 orbifold CFT is parametrized by two
real moduli, the radius R and the B-field b. Note that there is no complex structure moduli
because the shape of the torus is fixed. We will normalize the B-field to have periodicity 1,
i.e., b ∼ b+ 1.
For arbitrary moduli, the four-point function of φ 1
3
and φ− 1
3
has been computed in [33,76]
〈φ 1
3
(z, z¯)φ− 1
3
(0, 0)φ¯− 1
3
(1, 1)φ 1
3
(∞,∞)〉 = |z(1− z)|
−2/3
|F (z)|2
∑
p∈Λ∗ ,v∈Λc
w
1
2
(p+v/2+B·v/2)2w¯
1
2
(p−v/2+B·v/2)2 ,
(A.6)
where
w(z) = exp
[
− 2pi√
3
F (1− z)
F (z)
]
, w¯(z) = exp
[
− 2pi√
3
F¯ (1− z¯)
F¯ (z¯)
]
, (A.7)
with
F (z) = 2F1(
1
3
,
2
3
; 1; z) . (A.8)
Here Λ is the lattice for the original target space torus.28 Λ∗ is the dual lattice of Λ. Λc is
a sublattice of Λ defined as Λc = (1 − θ)Λ ≡ {(1 − θ)u, u ∈ Λ}, where θ is the rotation by
2pi/3. There is a selection rule in the OPE between φ 1
3
and φ− 1
3
that restricts the winding
number v to live in Λc but not the full Λ.
In the following we will study the chiral-chiral channel φ 1
3
(z, z¯)φ 1
3
(∞,∞) and the chiral-
antichiral channel φ 1
3
(z, z¯)φ¯− 1
3
(0, 0) of the four-point function (A.6). We will see that this free
orbifold theory saturates the numerical bootstrap bound on the gap in the chiral-antichiral
channel along certain loci on the moduli space M .
28The lattice Λ is normalized such that there is no factor of 2pi. For example, Λ for a square torus with
sides 2piR is normalized to be Λ = {(nR,mR) |n,m ∈ Z}.
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A.1 Chiral-Chiral Channel
Let us first consider the chiral-chiral OPE channel between φ 1
3
and φ 1
3
. There are two types
of 1
2
-BPS primaries, two types of 1
4
-BPS primaries, and one type of non-BPS primary allowed
by the N = (2, 2) selection rule (see Section 3) to appear in the chiral-chiral channel:29
1. The lowest dimensional operator in this channel is a (c, c) primary with q = q¯ = 2
3
and
h = h¯ = 1
3
,
φ 2
3
(z, z¯) ≡ ei 23H(z)+i 23 H˜(z¯)σ−(z, z¯) . (A.9)
The chiral ring coefficient, i.e. the OPE coefficient for φ 2
3
in the chiral-chiral channel,
has been computed in30 [33, 76]
λ(R, b) =
∣∣∣∣∣∣
√
3
2
Γ
(
2
3
)2
Γ
(
1
3
) R ∑
v1,v2∈Z
exp
[
−
√
3piR2
2
(
1− i 4√
3R2
b
)
|(v1 + ωv2)|2
]∣∣∣∣∣∣ . (A.10)
2. The G+− 1
2
G˜+− 1
2
descendant of an (a, a) primary31 φ
′
− 1
3
(z, z¯) with q = q¯ = −1
3
and h =
h¯ = 1
6
.
3. The G+− 1
2
G˜+− 1
2
descendant of a 1
4
-BPS primary that is antichiral on the left and non-BPS
on the right, with q = q¯ = −1
3
and h = 1
6
, h¯ > 1
6
as well as their conjugates.
Notice that the (a, a) primary and 1
4
-BPS primary are forbidden by the N = (2, 2)
selection rule in the case when the external (c, c) primary has q = q¯ > 1
2
(e.g. the
Calabi-Yau CFT). They are the BPS limits of the non-BPS operators discussed below.
4. The level G˜+− 1
2
descendant of a different type of 1
4
-BPS primary that is chiral on the
left and non-BPS on the right, with q = 2
3
, q¯ = −1
3
and h = 1
3
, h¯ > 1
6
, as well as their
conjugates.
5. The level G+− 1
2
G˜+− 1
2
descendant of a non-BPS operator on the left and right with charge
q = q¯ = −1
3
and h, h¯ > 1
6
.
There is another constraint on the weights of the 1
4
-BPS primaries and the non-BPS
primaries. In the OPE between two identical scalars φ 1
3
(z, z¯), only even spin operators can
29As noted in Section 2.4, all the non-BPS primaries in the chiral-chiral channel are in fact degenerate in
the c = 3 theory if the external R-charge q 6= 1/2. The non-BPS degenerate primaries in the case of c = 3
and external q = 1/3 are labeled by a half-integer r 6= ±1/2 with weight given by h = r/3.
30Throughout this paper we adopt the α′ = 2 convention.
31We add a prime to distinguish this internal (a, a) primary from the external (a, a) primary φ− 13 which
has the same charges and weights.
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appear. This further constrains the (antichiral, non-BPS) 1
4
-BPS primary to have h¯ ≥ 13
6
,
and the (chiral, non-BPS) 1
4
-BPS primary to have h¯ ≥ 11
6
. Similar constraints apply to
their conjugates. In particular, this constraint on the spin forbids the G˜+− 1
2
descendant of
a (chiral, antichiral) primary with q = 2
3
and q¯ = −1
3
, as well as its conjugate, to appear
in the chiral-chiral channel. We summarize the quantum numbers of the allowed internal
multiplets in the chiral-chiral channel in Table 3.
Primary Quantum Numbersof the Primary
Level of the Operators
that Appear ∆
CC
gap
(c, c) q = q¯ = 2
3
, h = h¯ = 1
3
(0, 0) 0
(a, a) q = q¯ = −1
3
, h = h¯ = 1
6
(1
2
, 1
2
) 2
3
(a, n) q = q¯ = −1
3
, h = 1
6
, h¯ ≥ 13
6
(1
2
, 1
2
) h¯+ 1
2
≥ 8
3
(c, n) q = 2
3
, q¯ = −1
3
, h = 1
3
, h¯ ≥ 11
6
(0, 1
2
) h¯+ 1
6
≥ 2
(n, n) q = q¯ = −1
3
, h, h¯ > 1
6
(1
2
, 1
2
) h+ h¯+ 1
3
≥ 2
3
Table 3: The allowed N = (2, 2) multiplets that can appear in the chiral-chiral channel
of the four-point function 〈φ 1
3
φ− 1
3
φ¯− 1
3
φ 1
3
〉 in the c = 3 case. Here c, a, n stands for chiral,
antichiral, and non-BPS, respectively. Note that the level (1
2
, 1
2
) descendant of an (a, a)
primary minimizes the ∆CCgap, which is defined as the gap in the scaling dimensions of the
operator that appears in the OPE and of the (c, c) primary. We omitted the conjugates (i.e.
(n, a) and (n, c)) of the 1
4
-BPS primaries in the above table.
The Gap in the Chiral-Chiral Channel
Recall that ∆CCgap is defined as the gap between the dimension of the lightest operator that
does not belong to a (c, c) multiplet, and that of a charge 2q (c, c) primary φ2q. In the
current case, ∆CCgap is the scaling dimension of this lightest operator subtracted by
2
3
, the
scaling dimension of the lowest dimensional operator φ 2
3
. Note that this lightest operator is
always a superconformal descendant while its primary does not show up in the chiral-chiral
channel due to R-charge conservation (see Table 3).
We summarize the ∆CCgap for various internal channels in Table 3. In particular, the level
(1
2
, 1
2
) descendant
G+− 1
2
G˜+− 1
2
φ
′
− 1
3
(z, z¯) (A.11)
of an (a, a) primary φ
′
− 1
3
(z, z¯) with q = q¯ = −1
3
minimizes the gap in the chiral-chiral channel
with
∆CCgap =
2
3
. (A.12)
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Note that the (a, a) primary φ
′
− 1
3
itself does not appear in the chiral-chiral OPE. We will
assume this minimal gap in the crossing equation when we do the numerical bootstrap.
Over a generic point on the moduli space M , the OPE coefficient of this (a, a) primary
φ
′
− 1
3
(z, z¯) in the chiral-chiral channel is non-vanishing and hence ∆CCgap =
2
3
. However, over
special points this OPE coefficient might vanish and ∆CCgap would be bigger than
2
3
. The OPE
coefficient C(R, b) of this (a, a) primary φ
′
− 1
3
can be extracted from the subleading terms in
the large z expansion of the exact expression of the four-point function (A.6)
We can read off the low-lying multiplets in the chiral-chiral channel from the above
expansion,
(c, c), (a, a), (n, n) h = h¯ =
1
2
, (n, n) h = h¯ =
5
6
,
(c, n) h¯ =
11
6
, (a, n) h¯ =
13
6
, (n, n) h = h¯ =
7
6
, · · · . (A.13)
Here h and h¯ denote the weights of the primaries, not the actual operators that appear in
the OPE. c, a, n stand for chiral, antichiral, and non-BPS primaries, respectively. For the
1
4
-BPS primaries, their conjugates are also implicitly included. We see that all possible types
of multiplets in Table 3 allowed by the N = (2, 2) representation theory are present in the
four-point function in the T 2/Z3 CFT. Furthermore, as mentioned in Section 2.4, all the
non-BPS multiplets in the c = 3 and q = 1/3 case are degenerate gr(h,−1/3) = 0, with the
weight of the primary given by h = r/3. Indeed, all the weights of the non-BPS primaries
in (A.13) are of the above form.
As another consistency check, note that the lowest 1
4
-BPS operators that appear in the
chiral-chiral channel of the four-point function have quantum numbers (h, h¯) = (1/3, 11/6), (q, q¯) =
(2/3,−1/3) and (h, h¯) = (1/6, 13/6), (q, q¯) = (−1/3,−1/3) respectively. The latter is also
related by a diagonal spectral flow to a 1
4
-BPS operator of (c, n) type with quantum numbers
(h, h¯) = (1/3, 7/3), (q, q¯) = (2/3, 2/3). We will see that both of them are captured by the
elliptic genus in Appendix B.
While the gap in the chiral-chiral channel is 2/3 generically, ∆CCgap can jump to higher
value at some special points over the moduli space where the OPE coefficient C(R, b) for the
(a, a) primary φ
′
− 1
3
vanishes. From the next to leader term in the expansion of the four-point
function (A.6), we obtain the analytic expression for C(R, b)
C(R, b) =
233
5
4pi
11
4
Γ
(
1
6
)9/2R ∑
v1,v2∈Z
exp
[
−
√
3piR2
2
(
1− i 4√
3R2
b
)
|(v1 + ωv2)|2
]
(1−
√
3piR2|(v1 + ωv2)|2)
(A.14)
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which is proportional to ∂Rλ(R, b). The OPE coefficient C(R, b) has zeroes at
R =
2√
3
, b = 0 ,
R =
1√
3
, b = ±1
4
.
(A.15)
Furthermore, all these points have the same chiral ring coefficient λ(R, b) = 2
1
6 and ∆CAgap =
1.32 At these points, the gap in the chiral-chiral channel is saturated by the G+− 1
2
G˜+− 1
2
descen-
dant of a non-BPS primary. The weight of this descendant is h = h¯ = 1, which gives a gap
∆CCgap =
4
3
. In Section 6.1.2, we saw how the above jump in the chiral-chiral gap can be seen
from the numerical bootstrap bound.
A.2 Chiral-Antichiral Channel
In the chiral-antichiral OPE channel between φ 1
3
and φ− 1
3
, the internal primaries are the
exponential operator Op,v(z, z¯) in the untwisted sector,
Op,v(z, z¯) = N
∑
α∈Z3
exp [ i(p+ v/2) · αXL(z) + i(p− v/2) · αXR(z¯) ] , (A.16)
where the sum in α over the Z3 images is to project to the Z3 invariant combinations. The
constant N is chosen such that the two-point function of Op,v is one. The exponential
operator is labeled by the momentum p ∈ Λ∗ and the winding v, with the weight given by
h = 1
2
(p+v/2)2 and h¯ = 1
2
(p−v/2)2 in the absence of B-field. A priori, the winding v can be
any lattice point in Λ. However, a selection rule [33] in the chiral-antichiral channel allows
only those v ∈ Λc to appear in the OPE between φ 1
3
and φ− 1
3
.
We can parametrize the weights of these exponential operators more explicitly. Let us
write the metric ds2 = Gµνdx
µdxν (µ, ν = 1, 2) of the target space torus as
ds2 = (dx1 + ωdx2)(dx1 + ω2dx2) ,
Gµν =
(
1 −1
2
−1
2
1
)
, Gµν =
(
4
3
2
3
2
3
4
3
)
.
(A.17)
Here xµ ∼ xµ + 2piR. The B-field background is
Bµν = b
2
R2
(
0 1
−1 0
)
, (A.18)
32The analytic expression for the gap in the chiral-antichiral channel is given in (A.19).
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with b normalized to have periodicity b ∼ b + 1. The weight of the exponential operator
Op,v(z, z¯) with momentum p ∈ Λ and winding v ∈ Λ is
h =
1
2
Gµν
[
pµ
R
+
1
2
(Gµρ +Bµρ)v
ρR
] [
pν
R
+
1
2
(Gνσ +Bνσ)v
σR
]
,
h¯ =
1
2
Gµν
[
pµ
R
− 1
2
(Gµρ −Bµρ)vρR
] [
pν
R
− 1
2
(Gνσ −Bνσ)vσR
]
,
(A.19)
with pµ, v
µ ∈ Z. The selection rule in the chiral-antichiral channel that v ∈ Λc ⊂ Λ is
translated into the requirement that
v1 + v2 ∈ 3Z . (A.20)
Given a point on the moduli space M of the T 2/Z3 orbifold CFT, the minimum of (A.19) with
the restriction (A.20) is our final formula for the lowest dimension ∆CAgap of non-BPS primaries
in the chiral-antichiral channel of the four-point function 〈φ 1
3
φ¯− 1
3
φ¯− 1
3
φ 1
3
〉. Importantly, ∆CAgap
is not a continuous function of the moduli (R, b). This is because the the momentum pµ and
winding number vµ that minimize the dimension h+ h¯ in (A.19) might jump as we vary the
moduli.
B Elliptic Genus of the T 2/Z3 Orbifold CFT
At a special point on the moduli space of the T 2/Z3 CFT, the theory factorizes into the
tensor product of three N = (2, 2) A2 minimal models. The elliptic genus of the T 2/Z3
orbifold CFT can be computed at this point to be [77]
ZT 2/Z3 = (ZA2)
3 =
(
θ1(Q, y
2/3)
θ1(Q, y1/3)
)3
. (B.1)
Here we define Q = e2piiτ .
The NS sector elliptic genus is related by (diagonal) spectral flow,
ZNST 2/Z3(Q, y) = ZT 2/Z3(Q, yQ
1/2)y1/2Q1/4 . (B.2)
To see if there are 1
4
-BPS operators (BPS on the (anti)holomorphic side only) at a generic
point on the moduli space, we will expand (B.2) in terms of (twisted) N = 2 characters.
Recall from (2.7) that all the U(1)R charged c = 3 N = 2 NS representations are degenerate
satisfying gr(h, q) = 0. They are labeled by a half-integer r and the U(1)R charge q. For
q > 0 and r > 0, the characters are given by [78–80]
chr,q=1(Q, y) =
(1−Q)Qry
(1 +Qry)(1 +Qr+1y)
FNS(Q, y) ,
chr,0<q<1(Q, y) =
Qqryq
(1 +Qry)
FNS(Q, y) ,
(B.3)
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and the identity character
ch0(Q, y) =
(1−Q)
(1 +Q1/2y)(1 +Q1/2y−1)
FNS(Q, y) , (B.4)
where
FNS(Q, y) =
∞∏
k=1
(1 +Qk−1/2y)(1 +Qk−1/2y−1)
(1−Qk)2 , (B.5)
and similarly for characters with q < 0 and r < 0 (the representations are charge conjugate
to those with q > 0).
The twisted NS characters are defined by
c˜hr,q(Q, y) ≡(−1)−rchr,q(Q, y−1) . (B.6)
We thus have the decomposition
ZNST 2/Z3(Q, y) = c˜h0(Q, y) + 3c˜h 12 ,
1
3
(Q, y) + 3c˜h 1
2
, 2
3
(Q, y) + c˜h 1
2
,1(Q, y)
− 3c˜h− 5
2
,− 1
3
(Q, y) + 3c˜h 7
2
, 1
3
(Q, y) + c˜h− 3
2
,−1(Q, y)− 3c˜h− 5
2
,− 2
3
(Q, y)− 3c˜h− 11
2
,− 1
3
(Q, y)
+ 3c˜h 13
2
, 1
3
(Q, y) + 3c˜h 7
2
, 2
3
(Q, y) + . . . ,
(B.7)
where the first line comes from the BPS operators ((c, c) ring elements), while the second and
third lines are associated to 1
4
-BPS operators (in the non-BPS degenerate representations on
one side). As we have seen in the previous subsection, some of the latter operators appear
in the chiral-chiral channel of the four point function 〈φ 1
3
φ− 1
3
φ− 1
3
φ 1
3
〉.
C Free Fermion OPEs at the Kinks
In this Appendix, we show that the bound (6.7) for OPEs of marginal BPS operators in
c = 9 SCFTs at ∆CCgap = 2 is exactly saturated by free fermion correlators (say at the
infinite volume point of the quintic). In the C3, T 6, or their orbifold CFTs, we have three
holomorphic fermions ψµ(z) with q = +1 and three holomorphic fermions ψµ¯(z) with q = −1.
Here µ, µ¯ = 1, 2, 3. Similarly, we have three antiholomorphic fermions ψ˜µ(z¯) with q¯ = −1
and three antiholomorphic fermions ψ˜µ¯(z¯) with q¯ = +1. They satisfy the OPE
ψµ(z)ψν(0) ∼ 0 , ψµ¯(z)ψν¯(0) ∼ 0 , ψµ(z)ψν¯(0) ∼ δ
µν¯
z
, (C.1)
and similarly for ψ˜µ(z¯) and ψ˜µ¯(z¯). Let us consider the (c, c) primary with q = q¯ = 1,
φ1(z, z¯) ≡ 1√
Tr(MM †)
Mµν¯ ψ
µ(z)ψ˜ν¯(z¯) , (C.2)
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where Mµν¯ is some general complex 3×3 matrix. The operator φ1(z, z¯) normalized to have
unit two-point function, 〈φ1(z, z¯)φ−1(0, 0)〉 = 1/|z|4.
We first note that ∆CCgap is 2, which is our assumption in the bootstrap bound in Figure 11,
as is realized by operators of the form
Mµν¯Mρσ¯∂
2ψµ(z)ψρ(z)ψ˜ν¯(z¯)ψ˜σ¯(z¯) . (C.3)
Note that the dimension 3 operators Mµν¯Mρσ¯∂ψ
µ(z)ψρ(z)ψ˜ν¯(z¯)ψ˜σ¯(z¯) and its complex con-
jugate are descendant of φ2 (defined below).
In the chiral-chiral channel φ1φ1, the lightest operator is the q = q¯ = 2 (c, c) primary,
φ2(z, z¯) ≡ 1√
2
√
(TrMM †)2 − TrMM †MM †Mµν¯Mρσ¯ψ
µ(z)ψρ(z)ψ˜ν¯(z¯)ψ˜σ¯(z¯) , (C.4)
normalized such that it has unit two-point function. Combining (C.2) and (C.4), we have
computed the chiral ring coefficient λ for φ2 in the φ1φ1 OPE,
λ =
√
2
√
1− TrMM
†MM †
Tr (MM †)2
. (C.5)
By choosing different matrices Mµν¯ , we will see that the four-point function of φ1, φ−1
saturates the bound (6.7) with ∆CCgap = 2.
To start with, note that λ ≤ 2/√3 by the Cauchy-Schwarz inequality, where the equality
holds if and only if MM † = Id. Hence the four-point function of φ1, φ−1 realizes the region
λ > 2/
√
3 in the bootstrap bounding curve (6.7).
Next, in the chiral-antichiral channel, the lightest non-identity operator is
O(z, z¯) ≡ (MM †)µν¯ψµ(z)ψ˜ν¯(z) , (C.6)
with scaling dimension 1. The operator O is a superconformal primary unless the matrix M
is chosen such that MM † = Id. This explains the region λ < 2/
√
3 in the bounding curve
(6.7). Finally, when MM † = Id, we have λ = 2/
√
3 and the operator O is the R-current.
It follows that the lightest non-BPS primary is replaced by the normal-ordered operator
: φ1φ−1 :, which has dimension 2. This explains the peak at λ = 2/
√
3 in the bounding curve
(6.7).
In summary, we see that by choosing different linear combinations of free fermion bilin-
ears, the numerical bootstrap bound is realized for all values of the chiral ring coefficient λ
in the case of ∆CCgap = 2.
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33We can alternatively consider the Gepner models of the type 19 (e.g. a tensor product of 9 N = 2 A2
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D The Quintic Threefold
In this section we review some basic facts about the N = (2, 2) nonlinear sigma model on
the quintic Calabi-Yau threefold. In particular, we will review the exact formula of the chiral
ring coefficient and discuss various special points on the Ka¨hler moduli space.
Let x0, x1, x2, x3, x4 be the homogeneous coordinates of P4. A quintic threefold M is
a hypersurface defined by the vanishing locus of a quintic polynomial of xi’s in P4. The
coefficients in the quintic polynomials, modulo linear redefinitions of the coordinates xi,
parametrize the complex structure moduli space. Hence the dimension of the complex struc-
ture moduli space for the quinticM is h2,1(M) = 9!
5!4!
− 25 = 101. On the other hand, there
is one parameter associated to the choice of the Ka¨hler class, which can be thought of as the
size of P4, i.e. h1,1(M) = 1.
To construct its mirror, we consider a one-parameter family of the quintic M that is
given by
p = x50 + x
5
1 + x
5
2 + x
5
3 + x
5
4 − 5ψ x0x1x2x3x4 = 0, (D.1)
in P4. The mirror quintic W is obtained by performing the following Z35 orbifold action,
(x0, x1, x2, x3, x4) 7→ (α4x0, x1, αx2, x3, x4) ,
(x0, x1, x2, x3, x4) 7→ (α4x0, x1, x2, αx3, x4) ,
(x0, x1, x2, x3, x4) 7→ (α4x0, x1, x2, x3, αx4) .
(D.2)
Here α = e2pii/5. The mirror quintic has one complex structure modulus ψ and 101 Ka¨hler
moduli, h2,1(W) = 1 and h1,1(W) = 101. Note that the true coordinate on the complex
structure moduli space of the mirror quintic W is ψ5, since the replacement ψ 7→ αψ in
(D.1) can be undone by coordinate redefinitions of xi. Hence the complex structure moduli
space of the mirror quintic can be taken to be the fundamental region 0 ≤ argψ < 2pi/5 on
the ψ-plane.
D.1 Chiral Ring Coefficient of the Ka¨hler Moduli Space
The chiral ring coefficient and the metric on the Ka¨hler moduli space of the quintic was
obtained in the seminal work of [46] using mirror symmetry. In this subsection we review
the results.
minimal models) which is conveniently described by the LG model with superpotential W =
∑9
i=1X
3
i . A
particular Z3 orbifold of the tensor product theory describes the mirror of the Z-manifold [81]. By taking O
to be a linear combination of the chiral primaries X1X2X3, X4X5X6, X7X8X9, and using the N = 2 fusion
rules (D.21), we see ∆CCgap = 3× 23 = 2 and the numerical bootstrap bound is again saturated.
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The Ka¨hler potential K on the complex structure moduli space of the mirror quintic W ,
or equivalently, on the Ka¨hler moduli space of the quintic M, is given by [46],
e−K =
(2pi)6i
57
(
$∗2 $
∗
1 $
∗
0 $
∗
4
)

0 1 3 1
−1 0 3 3
−3 −3 0 1
−1 −3 −1 0


$2
$1
$0
$4
 (D.3)
where the functions $j(ψ) are defined as
$0(ψ) =
∞∑
n=0
(5n)!
(n!)5(5ψ)5n
,
$j(ψ) =
3∑
r=0
logr(5ψ)
∞∑
n=0
bjrn
(5n)!
(n!)5(5ψ)5n
, j = 1, 2, 3 ,
(D.4)
in the region |ψ| > 1 of the fundamental domain on the the ψ-plane, and
$j(ψ) = −1
5
∞∑
m=1
α2mΓ(m/5)(5αjψ)m
Γ(m)Γ(1−m/5)4 , |ψ| < 1, j = 0, · · · , 4 . (D.5)
in the region |ψ| < 1. The coefficients bjrn are defined in Appendix B of [46]. The metric
on the complex structure moduli space is given by gψψ¯ = ∂
2K/∂ψ∂ψ¯. Going back to the
original quintic threefoldM, the Ka¨hler modulus t = t1 + it2 ofM is related to the complex
structure modulus ψ of the mirror quintic W by the mirror map,
t =
2$1 − 2$0 +$2 −$4
5$0
. (D.6)
In the large volume limit of the quintic, the exactly marginal (c, c) primary operator with
q = q¯ = 1 corresponding to the Ka¨hler modulus t can be written as
φ1(z, z¯) ∼ Jµν¯ ψµ(z)ψ˜ν¯(z¯) , (D.7)
where Jµν¯ is the harmonic representative of the Ka¨hler class. The chiral ring coefficient λ
for this (c, c) primary is given by the following combination
λ(t) = g
− 3
2
ψψ¯
eK |κψψψ| , (D.8)
which is invariant under the coordinate and Ka¨hler transformations. The latter is given by
rescaling the holomorphic three-form Ω of the mirror quintic by a holomorphic function of
ψ. Here ψ is thought of as a function of the Ka¨hler modulus t through the inverse of the
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Figure 14: The contour plot for the chiral ring coefficient λ of the Ka¨hler modulus for the
quintic M in the t-coordinates. The blue shaded region is the Ka¨hler moduli space of the
quintic. The black curves are the constant λ loci, with the values of λ indicated at the ends
of the curves. The blue curve in the middle corresponds to |ψ| = 1, with two ends being the
conifold point ψ = 1. The Gepner point ψ = 0 is shown in red.
mirror map (D.6). The “Yukawa coupling” is defined as κψψψ =
∫
W Ω ∧ ∂
3
∂3ψ
Ω, which equals
to
κψψψ =
(
2pii
5
)3
5ψ2
1− ψ5 . (D.9)
In Figure 14 we present the contour plot of the chiral ring coefficient λ(t) of the Ka¨hler
modulus of M in the t-coordinates. There are a few special points on the Ka¨hler moduli
space that we will pay special attention to:
• The large volume point t = i∞ of the quintic M, or equivalently the large complex
structure point ψ =∞ of the mirror quinticW . In this limit, the mirror map simplifies
to
t ∼ 5i
2pi
log 5ψ, ψ →∞ or t→ i∞. (D.10)
The Ka¨hler potential on the moduli space expanded around the large volume point is
e−K =
20
3
t32 +
50
pi3
ζ(3) + · · · , (D.11)
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where the . . . stand for the worldsheet instanton corrections that are powers of e−2pit2 .
The value of the chiral ring coefficient at the large volume point is the global minimum
on the whole moduli space:
λ(t = i∞) = 2√
3
∼ 1.15 . (D.12)
The gaps in the CC and CA channel at the large volume limit have been discussed in
Appendix C.
• The conifold point t ∼ 1.21i or ψ = 1.34 At this point the quintic CFT becomes
singular and the chiral ring coefficient diverges λ→∞. The gaps at the conifold CFT
can be determined through the N = 2 Liouville theory description to be ∆CAgap = 1/2
and ∆CCgap = 0. We will have more to say about this in the subsequent subsection.
• The point t = −1
2
+ 4
5
i sin3(2pi
5
) ∼ −0.5 + 0.69i or ψ = 0 is where the 35 Gepner point
is located at on the Ka¨hler moduli space. The 35 Gepner model, realized at a specific
point on the Ka¨hler and complex structure moduli space, is exactly solvable and is
given by an orbifold of five copies of the c = 9/5 N = (2, 2) minimal model [23]. The
value of the chiral ring coefficient at this point is a local minimum:
λ(t = −1
2
+
4
5
i sin3(
2pi
5
)) =
Γ
(
3
5
)15/2
Γ
(
1
5
)5/2
Γ
(
2
5
)15/2
Γ
(
4
5
)5/2 ∼ 1.56 . (D.13)
The gaps in the CC and the CA channel are ∆CCgap = 6/5 and ∆
CA
gap = 4/5.
D.2 The Conifold Point and the N = 2 Liouville Theory
Approaching the conifold point of the quintic moduli space, the (2, 2) Calabi-Yau sigma
model becomes singular and develops a continuum in the operator spectrum. The continuum
states in the singular limit are believed to be captured by the N = 2 Liouville theory of
central charge c = 9 [41]. More generally, the N = 2 Liouville theory (T-dual to the N = 2
SL(2)k/U(1) cigar CFT) is labelled by k ∈ Z+ with central charge given by c = 3(k+2)k .
The relevant N = 2 superconformal primaries in the NS sector are denoted as Vj,m,m¯ with
quantum numbers
h = −j(j + 1)
k
+
m2
k
, q =
2m
k
, (D.14)
and similarly for the anti-holomorphic part. In the spectrum of the N = 2 Liouville theory,
there are continuous representations with j = −1
2
+ iR which are non-degenerate, discrete
34The other point t ∼ −1+1.21i or ψ = exp(2pii/5) in Figure 14 is identified as the same point as t ∼ 1.21i
or ψ = 1 on the moduli space.
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BPS representations with j = |m| − 1, |m| = 1, 3
2
, . . . , k
2
, and discrete non-BPS degenerate
representations with −1
2
< j < k−1
2
and |m| − j = 2, 3, . . . .
The marginal chiral primary we consider in the four point function is V k
2
−1, k
2
, k
2
. In the
CA channel, the gap is saturated by the bottom of the continuum representations with q = 0
at j = −1
2
∆CAgap = 2h
CA
gap =
1
2k
=
c− 3
12
. (D.15)
Similarly in the CC channel, the non-BPS primaries (whose G+−1/2 descendant appears)
develop a gap above the unitarity bound h = 1/2 for q = 1,
∆CCgap = 2h
CC
gap = 2
(
1
4k
+
k
4
− 1
2
)
=
(k − 1)2
2k
=
(c− 9)2
12(c− 3) . (D.16)
We have written the gaps in terms of c because although the gaps were derived for integral
k, they are expected to hold for general k.35
D.3 Gepner Points of One-Parameter Calabi-Yau Models
A simple class of one-parameter (i.e. with only one complex Ka¨hler modulus) Calabi-Yau
manifolds generalizing the quintic are given by hypersurfaces in weighted projective space:
WP41,1,1,1,1 x51 + x52 + x53 + x54 + x55 = 0
WP41,1,1,1,2 x61 + x62 + x63 + x64 + x35 = 0
WP41,1,1,1,4 x81 + x82 + x83 + x84 + x25 = 0
WP41,1,1,2,5 x101 + x102 + x103 + x54 + x25 = 0.
(D.17)
The relevant Gepner points are described by the orbifold of tensor products ofN = 2 minimal
models SU(2)k/U(1) of the type
∏
i(ki − 2) : 35, 441, 64, 833. Let us denote the chiral ring
generators by Xi. Then the marginal chiral primaries are given by
∏5
i=1Xi,
∏5
i=1Xi,
∏4
i=1 X
2
i
and
∏4
i=1X
2
i respectively.
The chiral ring coefficients λ are determined by the three point function coefficients in
N = 2 minimal models, which are given by
〈Φj,j,jΦj,j,jΦ2j,−2j,−2j〉 =
√
Γ
(
1
k
)
Γ
(
4j+1
k
)
Γ
(
k−1
k
)
Γ
(−4j+k−1
k
) Γ (−2j+k−1k )
Γ
(
2j+1
k
) (D.18)
35For discussions about N = 2 Liouville theories with rational k, see [82,83] for examples.
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for 4j ≤ k − 2, after identifying Xji = Φj,m=j,m=j [84]. Therefore we have
35 : λ =
(
Γ
(
3
5
)
Γ
(
2
5
)) 152 (Γ (15)
Γ
(
4
5
)) 52 ∼ 1.56
441 : λ =0
64 : λ =
Γ
(
1
8
)2
Γ
(
5
8
)6
Γ
(
3
8
)6
Γ
(
7
8
)2 ∼ 2.35
833 : λ =0.
(D.19)
We will denote the superconformal primaries in the N = 2 SU(2)k/U(1) theory (with
A-type modular invariants) by Φj,m, with quantum numbers
h =
j(j + 1)
k
− m
2
k
, q =
2m
k
. (D.20)
To identify the relevant CA and CC gaps, let us first recall the fusion rules for N = 2
minimal models (we will focus on the holomorphic side for simplicity) [85].
Φj1,m1Φj2,m2 =
min(j1+j2,(k−2)−j1−j2)∑
j=|j1−j2|
[Φj,m1+m2 ] (D.21)
where
[Φj,m1+m2 ] ≡

Φj,m1+m2 if |m1 +m2| ≤ j ,
Φ k−2
2
−j,m1+m2− k2 if m1 +m2 > j ,
Φ k−2
2
−j,m1+m2+ k2 if m1 +m2 < −j .
(D.22)
It is clear from the above fusion rules that the lightest operator in the OPE of a chiral
primary Φj,j,j with its conjugate is Φ1,0,0, with the following gap,
∆CAgap = ∆(Φ1,0,0) =
4
k
. (D.23)
Similarly, in the OPE of a pair of Φj,j,j , the lightest non-BPS superconformal primary (whose
descendant appears) is Φ k
2
−2j,2j− k
2
,2j− k
2
, leading to a gap
∆CCgap = 2
(
1
2
+ h(Φ k
2
−2j,2j− k
2
,2j− k
2
)− 2j
k
)
= 2
(
1
2
+
k − 4j
2k
− 2j
k
)
=
2(k − 4j)
k
. (D.24)
We summarize the results in Table 4.
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Gepner model λ ∆CAgap ∆
CC
gap
35
(
Γ( 35)
Γ( 25)
) 15
2
(
Γ( 15)
Γ( 45)
) 5
2
4
5
6
5
441 0 2
3
2
3
64
Γ( 18)
2
Γ( 58)
6
Γ( 38)
6
Γ( 78)
2
1
2
1
833 0 2
5
2
5
Table 4: CA and CC gaps in c = 9 Gepner models
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